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Abstract

Let V “
À

nPN Vpnq be a C2-cofinite vertex operator algebra, not necessarily
rational or self-dual. In this paper, we establish various versions of the sewing-
factorization (SF) theorems for conformal blocks associated to grading-restricted gen-
eralized modules of VbN (where N P N). In addition to the versions announced in
the Introduction of [GZ23], we prove the following coend version of the SF theorem:

Let F be a compact Riemann surface with N incoming and R outgoing marked
points, and let G be another compact Riemann surface with K incoming and R out-
going marked points. Assign W P ModpVbN q and X P ModpVbKq to the incoming
marked points of F and G respectively. For each M P ModpVbRq, assign M and its
contragredient M1 to the outgoing marked points of F and G respectively. Denote the
corresponding spaces of conformal blocks by T ˚

F pM b Wq and T ˚
G pM1 b Xq. Let X be

the pN ` Kq-pointed surface obtained by sewing F,G along their outgoing marked
points. Then the sewing of conformal blocks—proved to be convergent in [GZ25a]—
yields an isomorphism of vector spaces

ż MPModpVbR
q

T ˚
F

`

M b W
˘

bC T ˚
G

`

M1 b X
˘

» T ˚
X

`

W b X
˘

We also discuss the relationship between conformal blocks and the modular func-
tors defined using Lyubashenko’s coend/construction.
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0 Introduction

0.1 Sewing-factorization (SF) theorems: from rational to irrational VOAs

In this final part of our three-part series, we prove the sewing-factorization (SF) theo-
rems for conformal blocks of aC2-cofinite vertex operator algebra (VOA) V “

À

nPNVpnq,
several versions of which were originally announced in the Introduction of [GZ23].
Roughly speaking, such a theorem asserts that sewing conformal blocks establishes an
equivalence between the spaces, sheaves, or functors of conformal blocks associated with
compact Riemann surfaces before sewing and those associated with the surfaces after
sewing.

In the literature on rational VOAs, the proof of the sewing-factorization (SF) theo-
rem for rational VOAs holds a central position [TUY89, Zhu96, Hua95, Hua05a, NT05,
Hua05b]. A recent breakthrough in this area is the proof of the factorization formulation
and a “formal sewing” theorem for rational C2-cofinite VOAs in [DGT24]. This result was
later translated into the analytic setting, leading to a proof of the SF theorem for rational
C2-cofinite VOAs; see [Gui24, Thm. 12.1].

However, even in the case of rational VOAs, there are discrepancies in the formulation
of the SF theorem: for instance, whether to involve nodal curves; whether to formulate
the theory in terms of coinvariants or conformal blocks; and whether to treat Riemann
surfaces of arbitrary genus directly, or to first study lower-genus cases and then reduce
higher-genus cases to lower-genus cases via pants decomposition. Unfortunately, the
literature does not seem to provide a clear and detailed account of how one version of the
rational SF theorem can be translated into another.

The situation becomes even more intricate when considering C2-cofinite VOAs that
are not necessarily rational. Here, we focus on the complex-analytic setting. (For an
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algebro-geometric perspective, see [DGK25b, DGK25a].) The theory of vertex tensor cat-
egories developed by Huang-Lepowsky-Zhang in [HLZ14], [HLZ12a]-[HLZ12g], particu-
larly their construction of associativity isomorphisms in the category ModpVq of grading-
restricted generalized V-modules, can be regarded as a genus-zero version of the SF the-
orem. (The precise relationship between the associativity isomorphisms and the SF theo-
rems proved in this paper will be given in Subsec. 3.4.2.) In particular, the product and
iterate of (logarithmic) intertwining operators may be interpreted as instances of sewing
conformal blocks—that is, as constructing conformal blocks via contraction.

However, as shown in [Miy04], the usual sewing of conformal blocks corresponding
to the self-sewing of a sphere is insufficient to produce all genus-one conformal blocks.
To recover all torus conformal blocks from genus-zero data, one must instead employ
pseudo-q-traces, cf. [Miy04, AN13, Hua24b]. The core issue lies in self-sewing, that is,
sewing a compact Riemann surface along a pair of points on the same connected com-
ponent. As emphasized in the introductions of [GZ23, GZ25a], the distinction between
self-sewing and disjoint sewing is crucial: while the usual sewing of conformal blocks
(defined via contraction) is sufficient in the case of disjoint sewing, it is generally inade-
quate for self-sewing.

Besides pseudo-q-traces, left exact coends offer another approach to addressing the
challenge of self-sewing conformal blocks. This method was originally introduced by
Lyubashenko in [Lyu96] in the context of topological modular functors. (See also [FS17,
HR24] for discussions.) To our knowledge, the precise relationship between pseudo-q-
traces and left exact coends remains unclear. Nevertheless, the coend version of the SF
theorem presented in this paper can be more directly connected to pseudo-q-traces.

Before stating our version of the SF theorem, we begin with a brief overview of the
left exact coend approach in the VOA setting.

0.2 Self-sewing and left exact coends

Coends naturally generalize the construction of “direct sums of a complete set of irre-
ducible objects” in the semisimple case. Let N P N, and let D be a category. Recall that
if F : ModpVbN q ˆ ModpVbN q Ñ D is a covariant bifunctor and A P D , then a family of
morphisms

φW : F pW1,Wq Ñ A (0.1)

for all W P ModpVbN q (with contragredient module W1) is called dinatural if for any
M P ModpVbN q and T P HomVbN pM,Wq (with transpose T t), the following diagram
commutes:

F pW1,Mq F pM1,Mq

F pW1,Wq A

F pT t,idMq

F pidW1 ,T q φM

φW

A dinatural transformation (0.1) is called a coend (in D) if it satisfies the universal prop-
erty that for any B P D and dinatural transformation ψW : F pW1,Wq Ñ B (for all
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W P ModpVbN q) there is a unique Φ P HomDpA,Bq such that ψW “ Φ ˝ φW holds for
all W. In that case, we write

A “

ż WPModpVbN q

F pW1,Wq

In the theory of VOAs, the sewing of conformal blocks provides a fundamental class
of dinatural transformations. We begin by recalling some notation. Let

rX “ prC|ς1, . . . , ςN}ς 1, ς2q (0.2)

be an pN `2q-pointed compact Riemann surface, that is, rC is a (not necessarily connected)
compact Riemann surface (without boundary), and ς1, . . . , ςN , ς

1, ς2 are distinct points of
rC. Assume that each component of rC contains one of ς1, . . . , ςN . We associate a local
coordinate ηi to ςi.1 Similarly, let ξ and ϖ be local coordinates of ς 1 and ς2 respectively.
Assume that ξ (resp. ϖ) is defined on the neighborhood V 1 (resp. V 2) of ς 1 (resp. ς2),
such that V 1, V 2, ς1, ¨ ¨ ¨ , ςN are mutually disjoint. For p P Cˆ with reasonably large |p|, we
obtain a new compact Riemann surface

Xp “ pCp|ς1, . . . , ςN q

(with local coordinates η1, . . . , ηN ) by sewing rX along the pair of points ς 1, ς2 with mod-
uli p. More precisely, Xp is constructed by removing a closed disk D1 Ă V 1 centered at
ς 1, removing another closed disk D2 Ă V 2 centered at ς2, and then gluing the resulting
surface by identifying x P V 1 ´D1 with y P V 2 ´D2 whenever ξpxq ¨ϖpyq “ p.

Fix W P ModpVbN q, and associate W to the ordered marked points ς1, . . . , ςN of rX and
Xp. For each M P ModpVq, associate M and its contragredient M1 to ς 1, ς2 respectively. Let
T ˚

Xp
pWq be the (finite-dimensional) space of conformal blocks associated to W and Xp.2

Let T ˚
rX

pW b M b M1q be the space of conformal blocks associated to W b M b M1 and rX.
We have proved in [GZ25a] that for each ψ P T ˚

rX
pW b M b M1q, the contraction

Sψ : W Ñ Ctqurlog qs

w ÞÑ ψpw b qLp0q´ b ´q :“
ÿ

λPC

ÿ

αPAλ

ψpw b qLp0qeλpαq b qeλpαqq

converges absolutely, where peλpαqqαPAλ
is a (finite) basis of Mrλs, the generalized

eigenspace of Lp0q on M with eigenvalue λ, and pqeλpαqqαPAλ
is the dual basis. Moreover,

[GZ25a] shows that for each p, we have Sψ|p P T ˚
Xp

pWq. Therefore, by letting M P ModpVq

vary, we obtain a family of linear maps

T ˚
rX

pW b M b M1q Ñ T ˚
Xp

pWq ψ ÞÑ Sψ|p (0.3)

1In other words, ηi is a univalent (=injective holomorphic) function on a neighborhood of ςi satisfying
ηipςiq “ 0.

2Thus, each element of T ˚
Xp

pWq is a linear functional W Ñ C satisfying a suitable invariance property.
See Subsec. 1.2.5 for details.
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which is clearly dinatural.
In the case of self-sewing, the dinatural transformation (0.3) is generally not a coend.

Indeed, by the universal property of coends, any dinatural transformation into

Vect :“ the category of finite-dimensional C-linear spaces

must be surjective in order to be a coend. However, Miyamoto’s work [Miy04] demon-
strates that when the surface rC in (0.2) is taken to be P1 and N “ 1,W “ V, the span of
the images of (0.3) over all M P ModpVq fails to be surjective when V is not rational.

Lyubashenko’s work [Lyu96] suggests a method for obtaining a coend from (0.3). (See
also [FS17, Prop. 9] or [HR24, Prop. 4.8].) Instead of fixing W, we let W P ModpVbN q

vary. Then, noting that the conformal block functor is a left exact contravariant functor
(cf. Thm. 1.22), the dinatural transformation (0.3) gives rise to a family of morphisms

T ˚
rX

p´ b M b M1q Ñ T ˚
Xp

p´q (0.4)

in the category LexpModpVbN q,Vectq of left exact contravariant functors from ModpVbN q

to Vect. It is expected that, at least when V is strongly finite—that is, V is C2-cofinite, self-
dual, and satisfies dimVp0q “ 1—the family of morphisms (0.4) is a left exact coend (i.e.,
a coend in LexpModpVbN q,Vectq). Following the convention in the literature of denoting
left exact coends by

ű

, our expectation is that (0.4) induces an equivalence of left exact
functors

¿ MPModpVq

T ˚
rX

p´ b M b M1q » T ˚
Xp

p´q

At present, it is unclear to us how to prove the above statement about left exact co-
ends. Moreover, since Lyubashenko’s approach is based on (not necessarily semisimple)
modular categories—which are, in particular, rigid—and since ModpVq is not necessarily
rigid but only a Grothendieck-Verdier category when the C2-cofinite VOA V is not self-
dual (cf. [ALSW25]), it remains uncertain whether the above result on left exact coends is
expected to hold in the non-self-dual case.

On the other hand, the SF theorem(s) established in this paper will indicate that, in the
case of disjoint sewing of compact Riemann surfaces along multiple pairs of points, the
sewing of conformal blocks is indeed a coend in Vect. Moreover, in [GZ25a], we showed
that pseudo-q-traces arise naturally within our framework. A more detailed discussion
of the relationship between our SF theorems and pseudo-q-traces will be provided in an
upcoming work.

0.3 Disjoint sewing and coends in Vect

We now introduce our SF theorems. Let

F “ px1
1, . . . , x

1
R|C1|x1, . . . , xN q G “ py1

1, . . . , y
1
R|C2|y1, . . . , yKq (0.5)

be pR,Nq-pointed and pR,Kq-pointed compact Riemann surfaces. That is, F is an pR`Nq-
pointed compact Riemann surface, where the marked points are divided intoN incoming
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marked points x1, . . . , xN and R outgoing marked points. G is understood in a similar
way. Moreover, we fix local coordinates at these marked points, and we assume that each
component of C1 contains one of x1, . . . , xN , and each component of C2 contains one of
y1, . . . , yK , y

1
1, . . . , y

1
R.

Choose p‚ “ pp1, . . . , pRq P pCˆqR where |p1|, . . . , |pR| can be reasonably large. The
sewing of F and G along the R pairs of points px1

1, y
1
1q, . . . , px1

R, y
1
Rq (using their local co-

ordinates) with moduli p‚ is denoted by

Xp‚ “ SpF \ Gqp‚ “ pCp‚ |x1, . . . , xN , y1, . . . , yKq

Fix W P ModpVbN q and X P ModpVbKq, and associate them to the ordered marked points
x1, . . . , xN and y1, . . . , yK respectively. Similar to (0.3), for each M P ModpVbRq we have
a sewing map

T ˚
F pM b Wq bC T ˚

G pM1 b Xq ÝÑ T ˚
Xp‚

pW b Xq

ψb χ ÞÑ Spψb χq
ˇ

ˇ

p‚

(0.6)

defined by contracting the M-component of ψ : M b W Ñ C with the M1-component of
χ : M1 b X Ñ C. (See Def. 3.2 for the rigorous definition.)

The following is one version of our SF theorems, which may be regarded as the VOA
analog of [HR24, Cor. 4.9]. In the genus-0 case, this theorem was obtained in [Mor22].

Theorem 3.7. Assume that V isC2-cofinite. Then, as M P ModpVbRq varies, the family of linear
maps (0.6) is a coend in Vect. In short, the sewing of conformal blocks yields a linear isomorphism

ż MPModpVbRq

T ˚
F

`

M b W
˘

bC T ˚
G

`

M1 b X
˘

» T ˚
Xp‚

`

W b X
˘

Since T ˚
F

`

MbW
˘

bCT ˚
G

`

M1 bX
˘

is canonically isomorphic to T ˚
F\GpMbWbM1 bXq

(cf. Thm. 1.24), Thm. 3.7 can thus be illustrated by Fig. 0.1. Moreover, by the pa-
rameter theorem for (co)ends [ML98, Sec. IX.7], as W and X vary, (0.6) yields a co-
end in FunpModpVbN q ˆ ModpVbKq,Vectq, the category of contravariant functors from
ModpVbN q ˆ ModpVbKq to Vect. Furthermore, by Thm. 1.22, this coend is left exact.

ż MPModpVbRq

T ˚

˜ M1 M

WX

¸

» T ˚

˜

W
X

¸

Figure 0.1. The pictorial illustration of Thm. 3.7.
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0.4 The SF theorem in terms of (dual) fusion products

In this paper, we will prove Thm. 3.7 by first proving an equivalent version of the
SF theorem. Fix W and X. Since the conformal block functors are left exact (cf. Thm.
1.22), and since any left exact linear functor from a finite C-linear category to Vect is
representable [DSPS19, Cor. 1.10], there exists nFpWq P ModpVbRq such that we have an
equivalence of contravariant functors

M ÞÑ HomVbRpM,nFpWqq » M ÞÑ T ˚
F pM b Wq (0.7)

The element ג P T ˚
F pnFpWq b Wq corresponding to id P HomVbRpnFpWq,nFpWqq via the

above equivalence is called the canonical conformal block, and the pair pnFpWq, qג is
referred to as a dual fusion product. The contragredient

bFpWq :“ pnFpWqq1

is called a fusion product of W along F.
By [FS17, Prop. 4], the family of linear maps

HomVbR

`

M,nFpWq
˘

bC T ˚
G

`

M1 b X
˘

ÝÑ T ˚
G

`

bF pWq b X
˘

T b χ ÞÑ χ ˝ pT t b idXq

for all M P ModpVbRq is a coend. (See Lem. 3.6 and its proof for more explanations.)
Therefore, the family of linear maps

T ˚
F

`

M b W
˘

bC T ˚
G

`

M1 b X
˘

ÝÑ T ˚
G

`

bF pWq b X
˘

ψb χ ÞÑ χ ˝ pT t
ψ b idXq

(0.8)

(for all M) is a coend, where Tψ is the unique element of HomVbRpM,nFpWqq correspond-
ing to ψ through the equivalence (0.7).

Since (0.6) is dinatural, the universal property of the coend (0.8) guarantees a unique
linear map Φ : T ˚

G

`

bF pWq b X
˘

Ñ T ˚
Xp‚

pW b Xq such that Φ ˝ (0.8) “ (0.6) holds for all
M. One checks easily that the following linear map satisfies this condition (cf. the proof
of Thm. 3.7):

T ˚
G

`

bF pWq b X
˘

ÝÑ T ˚
Xp‚

`

W b X
˘

χ ÞÑ Spג b χq
ˇ

ˇ

p‚

(0.9)

Therefore, proving Theorem 3.7 is equivalent to establishing the following version of the
SF theorem, which was originally announced in the Introduction of [GZ23].

Theorem 3.5. Assume that V is C2-cofinite. Then (0.9) is a linear isomorphism.

0.5 Main idea of the proof

Theorem 3.5 can be proved in full generality once it is established for the special case
where R “ 2,K “ 0 and G is the p2, 0q-pointed sphere

N “ p8, 0|P1q
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with local coordinates 1{ζ and ζ, where ζ denotes the standard coordinate of C. We now
outline the main idea of the proof of Theorem 3.5 in this key special case. Since X P

ModpVb0q “ Vect, we may assume that X is the scalar field C.
It is not hard to prove that (0.9) is injective; the difficulty lies in proving the surjectivity.

As we explain below, our proof of surjectivity bears a structural resemblance to the proofs
of modular invariance in [Miy04] and [Hua24b].

For each r ą 0, we let Dˆ
r “ tz P C : 0 ă |z| ă ru. Then, by varying p‚ “ pp1, p2q, we

obtain a family of surfaces over the base Dˆ
r ˆ Dˆ

ρ for some r, ρ ą 0, which arises as the
pullback of another family X (with base manifold Dˆ

rρ) along the map Dˆ
r ˆ Dˆ

ρ Ñ Dˆ
rρ

sending pp1, p2q to p “ p1p2. Indeed, X is the family obtained by sewing G along the two
outgoing marked points x1

1, x
1
2.

By what we have proved in [GZ25a], the spaces of conformal blocks over the fibers of
X assemble into a vector bundle T ˚

X pWq over Dˆ
rρ, equipped with an (automatically flat)

connection under which any section defined via sewing (as in (0.3)) is parallel. Conse-
quently, any element ψp P T ˚

Xp
pWq, for fixed p, extends to a multivalued parallel section

ψ of T ˚
X pWq. It remains to show thatψ|q“q1q2 “ Spגbχq for some χ P T ˚

N pbFpWqq. (More
precisely, we want to prove that the multivalued section pq1, q2q ÞÑ ψ|q1q2 coincides with
pq1, q2q ÞÑ Spג b χq|q1,q2 .)

By the basic theory of linear differential equations with simple poles, the multivalued
section q P Dˆ

rρ ÞÑ ψ|q admits a formal expansion (cf. Lem. 2.7) of the form

ψ “

L
ÿ

l“0

ÿ

nPC
ψn,lq

nplog qql where each ψn,l : W Ñ C is a linear functional

Here, L P N, and there exists a finite set E Ă C such that ψn,l “ 0 whenever n R E ` N.
The remainder of the proof is divided into the following three steps:

(1) Show that eachψn,l belongs to nFpWq. (Note that nFpWq was explicitly constructed
in [GZ23] as a linear subspace of the full dual space W˚ of W.) This is established in
Lem. 2.9.

(2) Show that the formal series ψ “
ř

l

ř

nψn,lq
nplog qql P nFpWqtqurlog qs, viewed

as a linear map bFpWq Ñ Ctqurlog qs, is invariant under the left and right actions
of V. (Recall that R “ 2, so bFpWq P ModpVb2q.) This is proved in Prop. 2.10,
equivalently, Cor. 2.11.

(3) Show that qBqψ corresponds to the action of the zero-mode Virasoro operators on
ψ. See Prop. 2.12, or equivalently, Cor. 2.13.

Our proofs of all these three steps rely on the analysis of global meromorphic sections of
the sheaves of VOA, specifically Thm. 1.11 and Prop. 1.14.

Once these three steps have been proved, we define χ, as a linear functional bFpWq Ñ

C, to be χ “
ř

nPCψn,0. By Step (3), this sum is finite when evaluated on any element
of bFpWq. Step (2) then implies that χ P T ˚

N pbFpWqq. Finally, using (3), one verifies
ψ|q“q1q2 “ Spג b χq, finishing the proof of Thm. 3.5. (Note that Step (1) is essential, as
both (2) and (3) rely on the conclusion that each ψn,l P nFpWq.)
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To see how the above proof strategy parallels those of [Miy04] and [Hua24b], consider
the case where F is the p2, 1q-pointed sphere

Q “ p8, 0|P1|1q (0.10)

equipped with the local coordinates 1{ζ, ζ, ζ´1 (where ζ is the standard coordinate of C).
Then bQpWq plays a role analogous to that of the rAN pVq-bimodules rAN pWq (for N P N)
considered in [Hua24a, Hua22, Hua24b]. (When W “ V, bQpVq also serves a similar
function to the higher-level Zhu algebras introduced in [DLM98] and used in the proof of
modular invariance in [Miy04].) In this analogy:

• Step (1) corresponds to proving that each ψNS;k,j in [Hua24b, Thm. 4.3], initially just
a linear functional on UN pWq, descends to a linear functional on rAN pWq.

• Step (2) resembles the argument that each ψNS;k,j is a symmetric linear functional on
rAN pWq (see the formula preceding (4.9) in [Hua24b, Thm. 4.3]).

• Step (3) reflects a compatibility condition with the Virasoro action, akin to Eq. (4.9)
of [Hua24b, Thm. 4.3].

0.6 Relationship between conformal blocks and topological modular functors

We close this Introduction with a brief discussion of the relationship between confor-
mal blocks and the (topological) modular functors introduced by Lyubashenko [Lyu96],
illustrating the significance of our SF theorems. We continue to assume that V is C2-
cofinite.

Assume that G in (0.5) is an pR,Kq-pointed sphere (i.e., C2 “ P1), written as

G “ py1
1, . . . , y

1
R|P1|y1, . . . , yKq

Let T be a p1, 1q-pointed torus. Let F in (0.5) be T\R, a disjoint union of R copies of T,
which is pR,Rq-pointed. By sewing F and G along their outgoing marked points using
some moduli p‚ “ pp1, . . . , pRq, we obtain an pK `Rq-pointed genus-R surface

Xp‚ “ pCp‚ |x1, . . . , xR, y1, . . . , yKq

See Fig. 0.2.

y1

y2

yK

G
F

x1

x2

xR

Figure 0.2. Sewing F with G.
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Let X1, . . . ,XK P ModpVq, and associate X1 b ¨ ¨ ¨ b XK P ModpVbKq to the ordered
marked points y1, . . . , yK . Associate VbR to x1, . . . , xR. Let

Yp‚ “ pCp‚ |y1, . . . , yKq

By the propagation of conformal blocks (cf. [GZ23, Cor. 2.44]), we have a linear isomor-
phism of spaces of conformal blocks

T ˚
Xp‚

pVbR b X1 b ¨ ¨ ¨ b XKq » T ˚
Yp‚

pX1 b ¨ ¨ ¨ b XKq

defined by inserting the vacuum vector 1 into each tensor component V. Therefore, by
Thm. 3.5, the sewing map induces a linear isomorphism

T ˚
Yp‚

pX1 b ¨ ¨ ¨ b XKq » T ˚
G

`

bF pVbRq b X1 b ¨ ¨ ¨ b XK
˘

Since the fusion product of a disjoint union is the tensor product of the fusion products on
each component (cf. Thm. 1.24), we have a canonical equivalence bFpVbRq » pbTVqbR.
Therefore, the above equivalence becomes

T ˚
Yp‚

pX1 b ¨ ¨ ¨ b XKq » T ˚
G

`

pbTVqbR b X1 b ¨ ¨ ¨ b XK
˘

(0.11)

Let us express the RHS of (0.11) in terms of the monoidal structure of ModpVq. Define
p1, 2q-pointed and p2, 1q-pointed spheres

P “ p1|P1|8, 0q Q “ p8, 0|P1|1q

Then bP gives the tensor bifunctor ��� of ModpVqModpVqModpVq, i.e., for each W1,W2 P ModpVq,

W1 � W2 “ bPpW1 b W2q

Therefore, (0.11) can be rewritten as

T ˚
Yp‚

pX1 b ¨ ¨ ¨ b XKq » HomV
`

pbTVq�R � X1 � ¨ ¨ ¨ � XK ,V1
˘

(0.12)

To proceed, we give a categorical description of bTV. By [McR23], the bi-exact functor

pW1,W2q P ModpVq ˆ ModpVq Ñ W1 bC W2 P ModpVb2q

is a Deligne product of two copies of ModpVq. Therefore, since bP : ModpVb2q Ñ ModpVq

is right exact (Thm. 1.22), it is the unique lift of the (right exact) bifunctor � : ModpVq ˆ

ModpVq Ñ ModpVq to ModpVb2q. In short, we have

� “ bP on ModpVb2q

Therefore, by the transitivity of fusion products (Thm. 3.15), another version of the SF
theorem, we have the following canonical isomorphism, also illustrated in Fig. 0.3.

bTV » bPpbQVq “ �pbQVq (0.13)
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VbTV

»

V

bQV

bPpbQVq

Figure 0.3. The transitivity of fusion products bTV » bPpbQVq.

It remains to give a categorical description of bQV. By Sec. 0.4, nQV is the unique
object in ModpVb2q implementing the natural equivalence

HomVb2pM,nQVq » T ˚
Q pM b Vq (0.14)

for all M P ModpVb2q. Equivalently,

HomVb2pbQV,Mq » T ˚
Q pM1 b Vq (0.15)

If M “ X b Y1 where X,Y P ModpVq, by the propagation of conformal blocks (cf. [GZ23,
Cor. 2.44]), we have

T ˚
Q pX1 b Y b Vq » HomVpY,Xq

and hence

HomVb2pbQV,X b Y1q » HomVpY,Xq (0.16)

That is, bQV is the unique object in the Deligne product of two copies of ModpVq repre-
senting the left exact profunctor pX,Yq ÞÑ HomVpY,Xq. Therefore:

Theorem 0.1. For each X P ModpVq, let πX : bQV Ñ X b X1 be the morphism representing
the identity map idX P HomVpX,Xq in the sense of (0.16). Then the dinatural transformation
pπXqXPModpVq is an end in ModpVb2q. In short, we have

bQV »

ż

XPModpVq

X bC X1

An alternative proof of this theorem will be given in [GZ25b].

Proof. We identify ModpVq with its opposite category ModpVqop by identifying X1 with
Xop. Therefore, it suffices to prove the claim that the end End :“

ş

XPModpVq
X bDel Xop

represents the profunctor pX,Yq ÞÑ HomVpY,Xq, where bDel denotes the Deligne prod-
uct. To prove this, one may assume that ModpVq “ ModpAq where A is a unital finite
dimensional C-algebra. In this case, the claim follows from [FSS20, Cor. 2.9].

11



It follows from (0.13) and Thm. 0.1 that

bTpVq » L (0.17a)

where L is the Lyubashenko construction

L :“ �
´

ż

XPModpVq

X b X1
¯

(0.17b)

defined in the context of Grothendieck-Verdier categories in [MW23, BW22]. In the case
of finite tensor categories, this construction is introduced by Lyubashenko [Lyu95, Lyu96]
in the form of the Lyubashenko coend

L “

ż XPModpVq

X1 � X

(When V is strongly finite, and if the conjectured rigidity of ModpVq holds, then ModpVq

is modular by [McR21]. In that case,
ş

XPModpVq
X bC X1 is self-dual due to [Shi17], and

hence
ş

XPModpVq
X b X1 »

şXPModpVq X1 b X. Since � is a left adjoint—specifically, it is the
left adjoint of X P ModpVq Ñ nQpX1q P ModpVb2q—the functor � commutes with coends.
Therefore, the above two definitions of L are equivalent.)

Thanks to (0.17), the isomorphism (0.12) becomes

T ˚
Yp‚

pX1 b ¨ ¨ ¨ b XKq » HomV
`

L�R � X1 � ¨ ¨ ¨ � XK ,V1
˘

(0.18)

where the LHS is the space of genus-R conformal blocks (with input modules X1, . . . ,XK),
and the RHS coincides with Lyubashenko’s construction of modular functors (cf. [Lyu96,
Sec. 8.2] or [BW22, Cor. 8.1]).
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1 Preliminaries

1.1 Notation

In this paper, we continue to use the notations listed in [GZ25a, Sec. 1.1]. In addition
to these notations, we also adopt the following notations and conventions.
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IfW is a vector space, and q1, . . . , qR are (mutually commuting) formal variables, then
W tq‚uW tq‚uW tq‚u “ W tq1, . . . , qRu denotes the set of all

ÿ

n‚PE`CR

wn‚q
n1
1 ¨ ¨ ¨ qnR

R

where E is a finite subset of CR, and each wn‚ P W .
Throughout this paper, we fix an (N-graded) C2-cofinite vertex operator algebra

(VOA) V “
À

nPNVpnq with conformal vector c. For each N P N, we letModpVbN qModpVbN qModpVbN q be the
category of grading-restricted (generalized) VbN -module, which is an abelian category
by [Hua09].

For each r P p0,`8s, we let

Dr “ tz P C : |z| ă ru Dˆ
r “ Drzt0u pDˆ

r “ the universal cover of Dˆ
r (1.1a)

For each r1, . . . , rN P p0,`8s, we let

Dr‚ “ Dr1 ˆ ¨ ¨ ¨ ˆ DrN Dˆ
r‚

“ Dˆ
r1 ˆ ¨ ¨ ¨ ˆ Dˆ

rN
pDˆ
r‚

“ pDˆ
r1 ˆ ¨ ¨ ¨ ˆ pDˆ

rN
(1.1b)

Recall from [GZ25a, Sec. 1.1] that if W P ModpVbN q and v P V, the i-th vertex operator
is Yipv, zq “

ř

nPZ Yipvqnz
´n´1 is Y p1b¨ ¨ ¨bvb¨ ¨ ¨b1, zq where v is at the i-th component,

and Lipnq “ Yipcqn´1. We also write

Y 1
i pv, zq “ YipUpγzqv, z

´1q (1.2a)

where Upγzq “ ezLp1qp´z´2qLp0q. In particular, Upγ1q “ eLp1qp´1qLp0q. Clearly Upγzq
´1 “

Upγ1{zq, and hence

Yipv, zq “ Y 1
i pUpγzqv, z

´1q (1.2b)

For each k P Z, let

Yipvqpkq “ Resz“0Yipz
k`Lp0q´1v, zqdz Y 1

i pvqpkq “ Resz“0Y
1
i pzk`Lp0q´1v, zqdz (1.3)

If W P ModpVbN q and λ1, . . . , λN P C, then Wrλ‚s is the subspace of all w P W such
that for all 1 ď i ď N , w is a generalized eigenvector of Lip0q with eigenvalue λi. The
finite-dimensional subspace Wrďλ‚s is defined to be the direct sum of all Wrµ‚s where
ℜpµiq ď ℜpλiq for all 1 ď i ď N . Then the contragredient VbN -module of W, as a vector
space, is

W1 “
à

λ‚PCN

pWrλ‚sq
˚

Then for each w P W, w1 P W we clearly have

xYipv, zqw,w1y “ xw, Y 1
i pv, zqw1y (1.4)

The algebraic completion of W is

W “ pW1q˚ “
ź

λ‚PCN

Wrλ‚s
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We let Pλ‚
and Pďλ‚

be the projections of W onto Wrλ‚s and Wďrλ‚s respectively.
If W is a vector space, we let x¨, ¨y be the evaluation pairing between W and W˚. In

other words, for each w P W,ψ P W˚, we write

ψpwq “ xψ, wy “ xw,ψy

If A,B are sets, then both A´B and AzB denote ta P A : a R Bu. Note that if A,B are
hypersurfaces in a complex manifold, the notation A ´ B, which denotes a divisor, has a
different meaning. (Cf. the proof of Prop. 1.14.)

For any complex manifold X , recall that ΘX is the sheaf of (germs) of holomorphic
tangent fields of X , i.e., the holomorphic tangent bundle of X . We let ωX be its dual sheaf
Θ˚
X , the holomorphic cotangent bundle of X . In particular, if X is a Riemann surface,

then ωX is the sheaf of (germs of) holomorphic 1-forms on X .

1.1.1 Series with logarithmic terms

Definition 1.1. Let X be a complex manifold. Let R P Z`, and let Γ Ă CR be locally
compact. Let D be a finite subset of CR. Let L1, . . . , LR P N. We say that the formal series

fpz‚q :“
ÿ

n‚PD

ÿ

0ďl‚ďL‚

cn‚,l‚z
n1
1 ¨ ¨ ¨ znR

R plog z1ql1 ¨ ¨ ¨ plog zRqlR (1.5)

(where each cn‚,l‚ P OpXq) converges a.l.u. on X ˆ Γ if, for each 0 ď l‚ ď L‚ (i.e.
0 ď li ď Li for all 1 ď i ď R) and each compact K Ă X ˆ Γ we have

sup
px,z‚qPK

ÿ

n‚PD

ˇ

ˇcn‚,l‚pxqzn1
1 ¨ ¨ ¨ znR

R

ˇ

ˇ ă `8 (1.6)

Suppose that W is a vector space and ψ : W Ñ OpXqtz‚urlog z‚s is a linear map such that
for each w P W, the series ψpwq is of the form (1.5). We say that ψ converges a.l.u. on
X ˆ Γ if for each w P W, the series ψpwq converges a.l.u. on Γ.

Now, we let D “ E ` N “ tα ` β : α P E, β P Nu where E is a finite subset of C. Let
L P N. We recall the following result from [Hua25, Prop. 2.1] and provide an alternative
proof with a slightly different flavor.

Proposition 1.2. Suppose that there exists ε ą 0 such that (1.6) converges a.l.u. (in the sense of
Def. 1.1) on the real interval p0, εq to 0. Then cn,l “ 0 for all n P D and 0 ď l ď L.

Proof. Suppose that not all cn,l are zero. Let r P R be the smallest number such that
cn,l ‰ 0 for some 0 ď l ď L and some n P D satisfying ℜpnq “ r. Let λ P t0, . . . , Lu be the
largest number such that cn,λ ‰ 0 for some n P D satisfying ℜpnq “ r. Then we can write

z´rplog zq´λfpzq “ c1z
is1 ` ¨ ¨ ¨ ` ckz

isk ` gpzq ` hpzq

Here, c1, . . . , c2 P C are non-zero, and s1, . . . , sk P R are mutually distinct. Moreover,

hpzq “ zγ1h1pzqplog zqσ1 ` ¨ ¨ ¨ ` zγmhmpzqplog zqσm
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for some h1, . . . , hm P Crrzss converging on a neighborhood of 0, and σ1, . . . , σm P Z, and
the real parts of γ1 . . . , γm are ą 0. Moreover,

gpzq “ g1pzqplog zq´1 ` ¨ ¨ ¨ ` gλpzqplog zq´λ

where g1, . . . , gλ P SpanCtzis : s P Ru. (We let gpzq “ 0 if λ “ 0.)
By induction on j P N, one easily sees that

lim
tÑ´8

B
j
t gpetq “ lim

tÑ´8
B
j
thpetq “ 0

Therefore, since f “ 0, we have

lim
tÑ´8

pc1s
j
1e

is1t ` ¨ ¨ ¨ ` cks
j
ke

isktq “ 0

for all j P N. LetA be the kˆk complex matrix psj´1
i q1ďi,jďk. Then the above limit implies

lim
tÑ´8

pc1e
is1t, . . . , cke

isktqA “ 0

Since s1, . . . , sk are mutually distinct, the Vandermonde matrix A is invertible. Therefore,
we have limtÑ´8 cie

isit “ 0 for all 1 ď i ď k, and hence ci “ 0. This is impossible.

1.2 Review of basic concepts

1.2.1 The family X “ SrX obtained by sewing rX

Let N P Z` and R P N. In this chapter, we assume the setting in [GZ25a, Subsec.
1.2.1], along with the condition that rB is a single point (i.e. a connected 0-dimensional
complex manifold). Namely,

rX “ prC
ˇ

ˇς1, ¨ ¨ ¨ , ςN ; η1, . . . , ηN
›

›ς 1
1, ¨ ¨ ¨ , ς 1

R, ς
2
1 , ¨ ¨ ¨ , ς2

R; ξ1, . . . , ξR, ϖ1, . . . , ϖRq (1.7)

is an pN ` 2Rq-pointed compact Riemann surface with local coordinates. More precisely,
ς‚, ς

1
‚, ς

2
‚ are distinct points of the compact Riemann surface rC. Each ηi is a local coordinate

at ςi, i.e., a univalent function on a neighborhood of ςi sending ςi to 0. Similarly, each ξj is
a local coordinate at ς 1

j and each ϖj is a local coordinate at ς2
j . The N -pointed family

X ” SrX “ pπ : C Ñ B
ˇ

ˇς1, ¨ ¨ ¨ , ςN ; η1, . . . , ηN q (1.8)

is the obtained by sewing rX along the pairs of points pς 1
j , ς

2
j q (for all 1 ď j ď R) via the

local coordinates ξj , ϖj .
Here, for each 1 ď j ď R, we assume that ξj is defined on a neighborhood

V 1
j of ς 1

j , and that ϖj is defined on a neighborhood V 2
j of ς2

j . We assume that
V 1
1 , V

2
1 , . . . , V

1
R, V

2
R, ς1, . . . , ςN are mutually disjoint, and

ξjpV
1
j q “ Drj ϖjpV

2
j q “ Dρj (1.9)

where rj , ρj P p0,`8s are called the sewing radii. Then

B “ Dr‚ρ‚ “ Dr1ρ1 ˆ ¨ ¨ ¨ ˆ DrRρR (1.10)
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For each 1 ď i ď N , note that the marked point ςi P rC is extended constantly to a
section ςi : B Ñ C of X. The local coordinate ηi of rX at ςi is extended constantly to a
local coordinate ηi of X at ςipBq (i.e., a holomorphic function ηi on a neighborhood Ui of
ςipBq that is univalent on Ui X π´1pbq for each b P B, and which sends ςipBq to 0). Then
ς1pBq, . . . , ςN pBq are mutually disjoint. Let

SX “

N
ď

i“1

ςipBq S
rX

“
␣

ςi, ς
1
j , ς

2
j : 1 ď i ď N, 1 ď j ď R

(

(1.11)

which are 1-codimensional closed submanifolds of C and rC respectively.
Let ∆ be the set of all b P B such that Cb is not smooth. Namely,

B ´ ∆ “ Dˆ
r‚ρ‚

:“ Dˆ
r1ρ1 ˆ ¨ ¨ ¨ ˆ Dˆ

rRρR

For each open or closed complex submanifold T of B ´ ∆, we let

XT “
`

π : CT Ñ T
ˇ

ˇς‚|T
˘

be the restriction of X to T , where

CT “ π´1pT q

In particular, for each b P B ´ ∆, we have the b-fiber

Xb :“ pCb
ˇ

ˇς‚pbqq “ pCb “ π´1pbq
ˇ

ˇς1pbq, ¨ ¨ ¨ , ςN pbqq

The restriction of η1, . . . , ηN to Cb defines local coordinates η1|Cb , . . . , ηN |Cb of Xb. Let

Σ “ tx P C : π is not a submersion at xu (1.12)

Assumption 1.3. We always assume that each connected component of rC intersects S
rX

,
and each connected component of each smooth fiber Xb of X (where b P B ´ ∆) intersects
SX.

We refer the reader to [GZ23, Sec. 2.3] or [GZ25a, Sec. 1.2] for more details about the
sewing construction. See also the next subsection for a detailed description when R “ 1.

1.2.2 The case R “ 1

Let us describe the construction of X “ pπ : C Ñ B|ς‚q in more detail when R “ 1.
We write ξ1, ϖ1, V

1
1 , V

2
1 , ς

1
1, ς

2
1 , r1, ρ1 as ξ,ϖ, V 1, V 2, ς 1, ς2, r, ρ for simplicity. So B “ Drρ. In

view of (1.9), we make identifications

V 1 “ Dr pvia ξq V 2 “ Dρ pvia ϖq (1.13)

so that ξ : Dr Ñ Dr and ϖ : Dρ Ñ Dρ become the identity maps. Define open set W and
its open subsets W 1,W 2 by

W “ Dr ˆ Dρ W 1 “ Dˆ
r ˆ Dρ W 2 “ Dr ˆ Dˆ

ρ (1.14)
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Extending ξ,ϖ constantly, we can define coordinates

ξ :W Ñ Dr pz, w, ˚q ÞÑ z (1.15a)
ϖ :W Ñ Dρ pz, w, ˚q ÞÑ w (1.15b)
q :W Ñ Drρ pz, w, ˚q ÞÑ zw (1.15c)

so that q “ ξϖ. Then we have open holomorphic embeddings

pξ,ϖq :W
“
ÝÑ Dr ˆ Dρ (1.16a)

pξ, qq :W 1 Ñ Dr ˆ Drρ (1.16b)
pϖ, qq :W 2 Ñ Dρ ˆ Drρ (1.16c)

The image of (1.16b) resp. (1.16c) is precisely the subset of all pz, pq P Dr ˆ Drρ resp.
pw, pq P Dρ ˆ Drρ satisfying

|p|

ρ
ă |z| ă r resp.

|p|

r
ă |w| ă ρ (1.17)

So closed subsets F 1 Ă Dr ˆ Drρ and F 2 Ă Dρ ˆ Drρ can be chosen such that we have
biholomorphisms

pξ, qq :W 1 »
ÝÑ Dr ˆ Drρ ´ F 1 (1.18a)

pϖ, qq :W 2 »
ÝÑ Dρ ˆ Drρ ´ F 2 (1.18b)

By the identifications (1.13), we can write the above maps as

pξ, qq :W 1 »
ÝÑ V 1 ˆ Drρ ´ F 1 Ă rC ˆ Drρ (1.19a)

pϖ, qq :W 2 »
ÝÑ V 2 ˆ Drρ ´ F 2 Ă rC ˆ Drρ (1.19b)

In particular, we view F 1 and F 2 as disjoint closed subsets of rC ˆ Drρ.
The complex manifold C is defined by

C “ W
ğ

`

rC ˆ Drρ ´ F 1 ´ F 2
˘

M

„ (1.20)

Here, the equivalence „ is defined by identifying each subsets W 1,W 2 of W with the
corresponding open subsets of rC ˆ Drρ ´ F 1 ´ F 2 via the biholomorphisms (1.19).

The map π : C Ñ B is defined as follows. The projection

rC ˆ Drρ ÝÑ Drρ “ B

agrees with

q “ ξϖ : W “ Dr ˆ Dρ ÝÑ Drρ “ B

when restricted to W 1 YW 2. These two maps give a well-defined surjective holomorphic
map π : C Ñ B.
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Convention 1.4. We let

q : B Ñ C be the standard coordinate of B “ Drρ

Namely, qppq “ p for p P Drρ. If U Ă C is open, noting that B “ Drρ Ă C, we let

q : U Ñ C be the extension of π|U : U Ñ B to U Ñ C

This convention is compatible with the definition of q :W Ñ C in (1.15).

Therefore, if η P OpUq is univalent on every fiber (i.e., for each fiber Ub “ U X π´1pbq
of U , the restriction µ|Ub

is injective), then pη, qq is a set of coordinates of U , i.e., it is an
open embedding of U into an open subset of Cm for some m.

Clearly Σ “ (1.12) is the subset of W “ Dr ˆ Dρ described by

Σ “ tp0, 0qu Ă Dr ˆ Dρ (1.21)

and ∆ “ t0u.
For each 1 ď i ď N , the marked point ςi P rC is extended constantly p P Drρ ÞÑ

pςi, pqrC ˆ Drρ. Since its range it disjoint from V 1, V 2 and hence disjoint from F 1, F 2, it
gives rise to a section ςi : B Ñ C.

We also choose a neighborhood rUi of ςi on which the local coordinate ηi is defined. We
assume that rU1, . . . , rUN are mutually disjoint and are also disjoint from V 1, V 2. Then

Ui :“ rUi ˆ Drρ (1.22)

can be viewed as an open subset of C containing ςipDrρq, and ηi is extended constantly to
a holomorphic map px, pq P rUi ˆDrρ ÞÑ ηipxq which, by abuse of notation, is also denoted
by ηi. This gives the local coordinate

ηi P OpUiq (1.23)

of X at ςipBq.

1.2.3 The sheaves ΘCp´ log C∆q, ΘBp´ log∆q, and ωC{B

We recall several sheaves related to the differential geometry of π : C Ñ B for R ď 1.
See [GZ25a, Subsec. 1.2.2] for details.

When R “ 0 and hence C “ rC is a compact Riemann surface, then ΘC and ωC are
defined in Sec. 1.1.

Now we assume R “ 1. Then ΘBp´ log∆q is the (automatically free) OB-submodule
of ΘB generated by qBq, i.e.

ΘBp´ log∆q “ OB ¨ qBq (1.24)

In particular, OBp´ log∆q equals ΘB outside ∆ “ t0u.
The sheaf ΘCp´ log C∆q equals ΘC outside Σ. To describe ΘCp´ log C∆q near Σ, by

(1.21), it suffices to describe ΘCp´ log C∆q|W . Indeed, the later is the (automatically free)
OW -submodule of Θ|W´Σ generated

ξBξ, ϖBϖ (1.25)
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where Bξ, Bϖ are defined under the coordinate pξ,ϖq of W .
One can define an OC-module morphism

dπ : ΘCp´ log C∆q Ñ π˚ΘBp´ log∆q (1.26)

to be the unique one that restricts to the usual differential map (of tangent vectors) outside
Σ. Therefore, on W , we have

dπpξBξq “ dπpϖBϖq “ qBq (1.27)

where qBq is the abbreviation of π˚pqBqq.
Clearly (1.26) is an epimorphism, and its kernel is denoted by ΘC{B and called the

relative tangent sheaf. This is a line bundle, i.e., a locally-free OC-module of rank 1. Its
dual sheaf ωC{B is called the relative dualizing sheaf. Therefore, for each open U Ă C ´Σ
and each ηpUq univalent on every fiber of U , we have a free generator dη of ωC{B. If
µ P OpUq is also univalent on every fiber of U , then

dη “ pBµηq ¨ dµ (1.28)

where the partial derivative is defined with respect to the set of coordinates pµ, q ˝ πq

of U . This gives an explicit description of ωC{B outside Σ. On the other hand, ωC{B|W

can be viewed as the OC-submodule of ωC{B|W´Σ generated by the unique element of
H0pW ´ Σ, ωC{B|W´Σq whose restriction to W 1 and W 2 are

ξ´1dξ resp. ´ϖ´1dϖ (1.29)

1.2.4 The sheaf VX

We recall the definition of sheaf of VOA

VX :“ lim
ÝÑ
nPN

V ďn
X “

ď

nPN
V ďn
X

which relies only on V and on the map π : C Ñ B but not on the marked point or the local
coordinates of X. See [GZ25a, Subsec. 1.3.1] and the reference therein for details.

V ďn
X is a locally free OC-module. The restriction V ďn|C´Σ is described as follows. For

each open U Ă C ´ Σ and each η P OpUq univalent on every fiber Ub of U , we have a
trivialization, i.e., an OU -module isomorphism

Uϱpηq : V ďn
X |U

»
ÝÝÑ Vďn bC OU (1.30)

If µ P OpUq is also univalent on each fiber, the transition function UϱpηqUϱpµq´1, which is
an automorphism of Vďn bC OU , is defined using Huang’s change of coordinate formula
in [Hua97]. The explicit formula of UϱpηqUϱpµq´1, which is not needed in this paper, can
be found in Subsec. 1.3.1. But note that these Uϱpηq are compatible for different n so that
V ďn
X |C´Σ is naturally an OC´Σ-submodule of V ďn`1

X |C´Σ.
With abuse of notations, we also denote the tensor product of (1.30) and the identity

map of ωC{B by

Uϱpηq : V ďn
X b ωC{B|U

»
ÝÝÑ Vďn bC OU bC dη (1.31)
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Namely, it sends v b dη to Uϱpηqv bC dη.
We have finished the definition of VX outside Σ. In particular, VX is defined when

R “ 0 (and hence X “ rX). We now describe VX near Σ when R “ 1:

Definition 1.5. The restriction V ďn
X |W is the (automatically free) OW -submodule of

V ďn
X´Σ|W´Σ generated by the sections whose restrictions to W 1 and W 2 are

Uϱpξq´1
`

ξLp0qv
˘

resp. Uϱpϖq´1
`

ϖLp0qUpγ1qv
˘

(1.32)

where ξ P OpW 1q and ϖ P OpW 2q are defined by (1.16) and v P Vďn. This is well-defined,
i.e., the two expressions in (1.32) agrees on W 1 XW 2.

Again, V ďn
X is naturally an OC-submodule of V ďn`1

X . The description of VX for R ď 1
is complete. The description for general R is similar but not needed and hence is omitted.

Finally, we note that the description of VX for R “ 0 also applies and defines the sheaf
VXb

associated to the fiber Xb.

1.2.5 Conformal blocks

Fix W P ModpVbN q associated to the ordered marked points ς1p rBq, . . . , ςN p rBq of rX
and the ordered marked points ς1pBq, . . . , ςN pBq of X. Note that the orders of the marked
points are important. We recall the basic properties about conformal blocks. See [GZ25a,
Subsec. 1.3.2] and the reference therein for details.

Since the local coordinates η‚ of X are fixed, we can set

WXpWq “ W bC OB

The sheaf of coinvariant TXpWq is a quotient sheaf of WXpWq, and its dual sheaf T ˚
X pWq

is called the sheaf of conformal blocks.
Choose any connected open V Ă B. Recall (1.22) for the meaning of Ui. For each n P N

and each σ P H0pUi X π´1pV q,V ďn
X b ωC{Bp‚SXqq and w P W bC OpV q, we define the i-th

residue action

σ ˚i w “ Resηi“0YipUϱpηiqσ, ηiqw P W bC OpV q (1.33a)

More precisely, note that the element Uϱpηiqσ P H0pUi,Vďn bC ωC{Bp‚SXqq is a finite sum
ř

l vl b fldηi where vl P Vďn and fl P H0pUi,OUip‚SXqq. Then for each b P V , noting that
fl|UiXπ´1pbq can be viewed as an element of Cppηiqq, we have

σ ˚i w
ˇ

ˇ

b
“
ÿ

l

Resηi“0Yipvl, ηiqwpbq ¨ fl|UiXπ´1pbq ¨ dηi

where the RHS is the residue of an element of Wppηiqqdηi.
Now, we define the residue action of each σ P H0

`

V, π˚

`

VX b ωC{Bp‚SXq
˘˘

“

H0pCV ,VX b ωC{Bp‚SXqq on each H0pV,WXpWqq “ W b OpV q to be

σ ¨ w “

N
ÿ

i“1

σ ˚i w (1.33b)
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Definition 1.6. The sheaf of coinvariants associated to X and W is defined to be

TXpWq “
WXpWq

π˚

`

VX b ωC{Bp‚SXq
˘

¨ WXpWq
(1.34)

and is locally free ([GZ25a, Thm. 3.13]), i.e., it is a (finite-rank) holomorphic vector bundle
on B. Its dual bundle is denoted by T ˚

X pWqT ˚
X pWqT ˚
X pWq and called the sheaf of conformal blocks (or

conformal block bundle) associated to X and W.

Note that when R “ 0, then X “ rX is a single surface. Then WXpWq “ W, and TXpWq

is a quotient space of W that is finite-dimensional, and T ˚
X pWq is the dual space of TXpWq.

Therefore, for generalR P N and b P B´∆, the vector spaces WXb
pWq,TXb

pWq,T ˚
Xb

pWq

can be defined. The elements of T ˚
Xb

pWq, which are linear functionals W Ñ C satisfying
certain invariant condition, is called a conformal block associated to W and Xb (together
with its local coordinates η‚|Cb).

By [GZ25a, Remark 3.1], for each open V Ă B ´ ∆, an element ψ P H0
`

V,T ˚
X pWq

˘

is equivalently a linear map ψ : W Ñ OpV q such that for each b P V , the restriction
ψp¨q|b : W Ñ C belongs to T ˚

Xb
pWq. Such ψ is called a conformal block associated to W

and the restricted family X|V .

Remark 1.7. Let b P B ´ ∆. By [GZ25a, Thm 3.13], the map

T ˚
X pWqb ÝÑ T ˚

Xb
pWq ϕ ÞÑ ϕp¨q|b

(where T ˚
X pWqb is the stalk of T ˚

X pWq at b) descends to a linear isomorphism

T ˚
X pWqb

mB,bT ˚
X pWqb

ÝÑ T ˚
Xb

pWq (1.35)

In other words, the fiber of the vector bundle T ˚
X pWq at b is canonically isomorphic to the

space of conformal blocks T ˚
Xb

pWq.

1.3 Truncated q-expansions of global sections of VX b ωC{Bp‚SXq

In this section, we assume that R “ 1.

1.3.1 q-expansions and their truncated expansions

Let 0 ă ε ă rρ and v P H0pπ´1pDεq,VX b ωC{Bp‚SXqq. We shall expand v into a power
series. (See also the proof of [GZ25a, Prop. 4.8].)

Suppose that rU is a precompact open subset of rC ´ S
rX

. Choose small enough 0 ă

δ ă ε such that rU ˆ Dδ is an open subset of rC ˆ Drρ ´ F 1 ´ F 2. (Recall Subsec. 1.2.2
for the notations.) Then π : C Ñ B, when restricted to rU ˆ Dδ, becomes the projection
pr : rU ˆ Dδ Ñ Dδ.

Thus, if η P OprUq is univalent, and if we denote its constant extension px, pq P rU ˆ

Dδ ÞÑ ηpxq also by η, then noting (1.31), we can write

Uϱpηqv
ˇ

ˇ

rUˆDδ
“

ÿ

nPN
σnq

n ¨ dη where σn P V bC OprUq
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(Recall Conv. 1.4 for the meaning of q.) Then

vn
ˇ

ˇ

rU
“ Uϱpηq´1σn ¨ dη (1.36)

This definition of vn is independent of the choice of η and δ. Therefore, we obtain vn P

H0prC ´ S
rX
,V

rX
b ω

rCq whose local expression is given by (1.36).
Each vn clearly has finite poles at ς1, . . . , ςN . By the description of VX|W and ωC{B|W in

Def. 1.5 and Eq. (1.29), there exist a family pfαqαPA in OpW q and a linearly independent
family puαqαPA of vectors of V, indexed by the same finite set A, such that

Uϱpξqv
ˇ

ˇ

W 1 “
ÿ

αPA

fαpξ, q{ξqξLp0quα ¨
dξ

ξ
(1.37a)

Uϱpξqv
ˇ

ˇ

W 2 “ ´
ÿ

αPA

fαpq{ϖ,ϖqϖLp0qUpγ1quα ¨
dϖ

ϖ
(1.37b)

(Recall from (1.15) that pξ,ϖq is the standard set of coordinates ofW “ DrˆDρ.) Expand-
ing (1.37) into power series, we see that the term before qn has poles of orders at most
n ` 1 at ξ “ 0 and at ϖ “ 0. Thus the same can be said about vn. So vn also has finite
poles at ς 1, ς2. This proves that

vn P H0
`

rC,V
rX

b ω
rCp‚S

rX
q
˘

(1.38)

Definition 1.8. We write

v “
ÿ

nPN
vnq

n (1.39)

and call (1.39) it the power series expansion of v (or simply the qqq-expansion of v). For
each ℏ P N, we say that v0 ` v1q ` ¨ ¨ ¨ ` vℏq

ℏ is the ℏℏℏ-th truncated qqq-expansion (or simply
the ℏℏℏ-th truncated expansion) of v.

1.3.2 Classification of truncated q-expansions

Fix ℏ P N, and choose v0, . . . , vℏ P H0
`

rC,V
rX

b ω
rCp‚S

rX
q
˘

. Recall (1.31). Then for each
0 ď k ď ℏ, we have

Uϱpξqvk
ˇ

ˇ

V 1´tς 1u
P V bC OpV 1 ´ tς 1uqdξ (1.40a)

Uϱpϖqvk
ˇ

ˇ

V 2´tς2u
P V bC OpV 2 ´ tς2uqdϖ (1.40b)

Therefore, we can take Laurent series expansions of these two sections at ς 1 and ς2 respec-
tively. Namely, they can be viewed as elements of Vppξqqdξ and Vppϖqqdϖ respectively.

Let Nąℏ “ tn P N : n ą ℏu. Then N2zN2
ąℏ is the set of all pm,nq P N ˆ N such that at

least one of m,n is ď ℏ.

Definition 1.9. We say that the element v0 ` v1q ` ¨ ¨ ¨ ` vℏq
ℏ of H0

`

rC,V
rX

b ω
rCp‚S

rX
q
˘

rqs is
ℏℏℏ-compatible if the following property holds: There exists a linearly independent family
puαqαPA of vectors of V with finite index set A, together with a family

`

cαm,n : α P A and pm,nq P N2zN2
ąℏ
˘

(1.41)
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in C such that for each 0 ď k ď ℏ, the Laurent series expansions of the two sections in
(1.40) take the form

Uϱpξqvk
ˇ

ˇ

V 1´tς 1u
“

ÿ

αPA

`8
ÿ

l“´k

cαl`k,kξ
l`Lp0q´1uαdξ (1.42a)

Uϱpϖqvk
ˇ

ˇ

V 2´tς2u
“ ´

ÿ

αPA

`8
ÿ

l“´k

cαk,l`kϖ
l`Lp0q´1Upγ1quαdϖ (1.42b)

Lemma 1.10. In Def. 1.9, for each α P A and 0 ď k ď ℏ, we have
ÿ

mPN
|cαm,k| ¨ rm ă `8

ÿ

nPN
|cαk,n| ¨ ρn ă `8 (1.43)

Proof. By expanding puαqαPA, we can assume that puαqαPA is a basis of VďM for some
M P N. The first of (1.43) is obvious when each uα is homogeneous. Now, we do not
assume that uα is homogeneous. Let pwβqβPA be a homogeneous basis of VďM . Then
there is an invertible matrix Λ “ pλα,βqα,βPA such that wβ “

ř

α λα,βu
α. Using the inverse

matrix of Λ, one can write (1.42a) as a formal power series

Uϱpξqvk
ˇ

ˇ

V 1´tς 1u
“

ÿ

βPA

`8
ÿ

l“´k

dβl`k,kξ
l`Lp0q´1wβdξ

where cαl`k,k “
ř

β λα,βd
β
l`k,k. Since each wβ is homogeneous, for all 0 ď k ď ℏ we have

ÿ

mPN
|dβm,k| ¨ rm ă `8

This immediately implies the first of (1.43). The second of (1.43) can be proved in a similar
way by reducing it to the special case that each Upγ1quα is homogeneous.

Theorem 1.11. The following are equivalent.

(a) There exist 0 ă ε ă rρ and an element v P H0pπ´1pDεq,VX b ωC{Bp‚SXqq whose ℏ-th
truncated expansion is v0 ` v1q ` ¨ ¨ ¨ ` vℏq

ℏ.

(b) v0 ` v1q ` ¨ ¨ ¨ ` vℏq
ℏ is ℏ-compatible.

Proof of (a)ñ(b). Assume (a). Then we can assume that v satisfies (1.37). Expand the func-
tion fα in (1.37) into power series

fαpξ,ϖq “
ÿ

m,nPN
cαm,nξ

mϖn

where cαm,n P C. Then we can expand (1.37) into power series

Uϱpξqv
ˇ

ˇ

W 1 “
ÿ

αPA

ÿ

kPN

ÿ

lě´k

cαl`k,kξ
l`Lp0q´1uαdξ ¨ qk

Uϱpϖqv
ˇ

ˇ

W 2 “ ´
ÿ

αPA

ÿ

kPN

ÿ

lě´k

cαk,l`kϖ
l`Lp0q´1Upγ1quαdϖ ¨ qk

Comparing this with (1.42), we see that (b) holds.
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Proof of (b)ñ(a). Step 1. Assume (b). Choose M P N such that uα P VďM for all α P A. We
shall apply the base change Theorem 1.12 to π : C Ñ B and

E “ V ďM
X b ωC{BptSXq

for some t P N. Recall that ∆ “ t0u, and note that the complex analytic space C0 is a nodal
curve. By [Gui24, Thm. 2.3], we have H1pC0,V ďM

X b ωC{BptSXq|C0q “ 0 for sufficiently
large t. For such t, the assumptions in Thm. 1.12 are satisfied. Let us fix such a t that also
ensures that v0, . . . , vℏ have poles of order at most t at S

rX
.

Step 2. The goal of this step is to define sections χ and ϑ on open subsets of C covering
π´1p0q. First, Lem. 1.10 implies that for each α P A, the series

gαpξ,ϖq “
ÿ

pm,nqPN2zN2
ąℏ

cαm,nξ
mϖn

converges a.l.u. to an element of OpW q “ OpDr ˆ Dρq, also denoted by gα. By Def. 1.5
and Eq. (1.29), there exists an element

χ P H0pW,E q “ H0pW,V ďM
X b ωC{Bq

such that

Uϱpξqχ
ˇ

ˇ

W 1 “
ÿ

αPA

gαpξ, q{ξqξLp0quα ¨
dξ

ξ
(1.44a)

Uϱpϖqχ
ˇ

ˇ

W 2 “ ´
ÿ

αPA

gαpq{ϖ,ϖqϖLp0qUpγ1quα ¨
dϖ

ϖ
(1.44b)

Next, we choose r1, ρ1 such that 0 ă r1 ă r and 0 ă ρ1 ă ρ. Let

rΩ “ rC ´ ξ´1pDr1q ´ϖ´1pDρ1q Ω “ rΩ ˆ Dε

In view of (1.9), the set rΩ is an open subset of rC. (In the construction of X from rX, we have
assumed the identification (1.13). However, here, we do not omit ξ´1 and ϖ´1, because
we want to stress that ξ´1pDr1q is in V 1 andϖ´1pDρ1q is in V 2.) Then, for sufficiently small
ε ą 0, one can view Ω as an open subset of C such that π : C Ñ B restricts to the projection
rΩ ˆ Dε Ñ Dε. (In fact, any ε satisfying 0 ă ε ă r1ρ1 works.) Thus

ϑ :“ v0 ` v1q ` ¨ ¨ ¨ ` vℏq
ℏ is an element of H0pΩ,E q

Step 3. Define open subsets W 1
0,W

2
0 of rC ˆ Dε Ă C by

W 1
0 “ pV 1 ´ ξ´1pDr1qq ˆ Dε W 2

0 “ pV 2 ´ϖ´1pDρ1qq ˆ Dε

Due to the gluing maps pξ, qq and pϖ, qq in (1.19) defining the equivalence relation „ in
(1.20), one can also view W 1

0,W
2
0 as disjoint open subsets of W 1,W 2 respectively. Now,

we can use (1.44) and (1.42) to compute that

Uϱpηqpχ|W 1
0

´ ϑ|W 1
0
q “

ÿ

αPA

`8
ÿ

k“ℏ`1

ℏ´k
ÿ

l“´k

cαl`k,kξ
l`Lp0q´1uαdξ ¨ qk (1.45a)
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Uϱpϖqpχ|W 2
0

´ ϑ|W 2
0

q “ ´
ÿ

αPA

`8
ÿ

k“ℏ`1

ℏ´k
ÿ

l“´k

cαk,l`kϖ
l`Lp0q´1Upγ1quαdϖ ¨ qk (1.45b)

Since mℏ`1
B,0 “ qℏ`1OB, and since Ω XW “ W 1

0 YW 2
0 clearly holds, (1.45) implies that

χ|ΩXW ´ ϑ|ΩXW P H0
`

Ω XW,mℏ`1
B,0 E

˘

(1.46)

Clearly Ω Y W contains π´1p0q. Thus, since π is proper, we can make ε smaller such
that Ω YW covers π´1pDεq. Therefore, by (1.46), there is an element

σ P H0
`

π´1pDεq,E {mℏ`1
B,0 E

˘

whose restriction toWXπ´1pDεq is represented by χ, and whose restriction to ΩXπ´1pDεq

is represented by ϑ. Hence, by Step 1, we can apply Thm. 1.12, which says that after
further shrinking ε, there exists v P H0pπ´1pDεq,E q that is sent by the canonical quotient
map to σ. Clearly v has ℏ-th truncated expansion v0 `v1q` ¨ ¨ ¨ `vℏq

ℏ. This proves (a).

1.3.3 A base change theorem in complex analytic geometry

In the proof of Thm. 1.11 we have used the following base change theorem.

Theorem 1.12. Let φ : X Ñ Y be a holomorphic map of complex manifolds. Assume that φ is
proper and open. Let E be a locally-free OX -module.

Let y P Y . Assume that H1pXy,E |Xyq “ 0. Then for each ℏ P N, the canonical map of stalks

pφ˚E qy ÝÑ
`

φ˚

`

E {mℏ`1
Y,y E

˘˘

y
(1.47)

is an epimorphism of OY,y-modules. In other words, for each neighborhood V of y and each
σ P H0

`

φ´1pV q,E {mℏ`1
Y,y E

˘

, there exist a smaller neighborhood V0 of y and some pσ P

H0pφ´1pV0q,E q that is sent by the quotient map E Ñ E {mℏ`1
Y,y E to σ|φ´1pV0q.

Some of the notations are explained as follows. Recall that mY,y is the maximal ideal
of the local ring OY,y, understood also as the ideal sheaf of sections of OY vanishing at
y. Then mℏ`1

Y,y is its pℏ ` 1q-power, i.e., it is the ideal sheaf generated by tgi0 ¨ ¨ ¨ giℏ : 1 ď

i0, . . . , iℏ ď nu if mY,y is generated by g1, . . . , gn P OpY q. So mℏ`1
Y,y E is the OX -submodule

of E generated by

tβ ¨ s ” pφ˚βq ¨ s where β P mℏ`1
Y,y and s P E u

The complex analytic space Xy is defined to be the fiber of X at y. It equals φ´1pyq as a
(Hausdorff) topological space, and its structure sheaf is pOX{mY,yOXqæφ´1pyq, the inverse
image of OX{mY,yOX under the inclusion map φ´1pyq ãÑ X . (See [Fis76] or [GR84] for
the basic notions of complex analytic spaces.)

Proof. This theorem remains valid under a more general assumption, where the first para-
graph is replaced by the weaker condition that φ : X Ñ Y is a proper holomorphic map
of complex analytic spaces, that E is a coherent OX -module, and that E is φ-flat (i.e.,
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for each x P X , viewing the stalk Ex as an OY,φpxq-module, the functor Ex bOY,φpxq
´ on

the abelian category of OY,φpxq-modules is exact). Under this assumption, the theorem
follows from Cor. 3.5 in Ch. III of [BS76].

We now explain why this assumption is indeed weaker. If the original conditions
stated in the theorem’s first paragraph hold, then φ is clearly proper. Since φ is open
and since X,Y are complex manifolds, by the last Corollary in Sec. 3.20 of [Fis76], the
structure sheaf OX is φ-flat. Since E is locally-free, it is also φ-flat.

1.3.4 The geometric meaning of ℏ-compatibility

From the proof of Thm. 1.11, readers familiar with complex analytic spaces (as treated
in [Fis76, GR84, GPR94], for example) can easily recognize the geometric meaning of ℏ-
compatibility. To illustrate this, let Bℏ be the closed analytic subspace of B associated to
OB{qℏ`1OB. Namely, Bℏ is the topological space t0u, equipped with the structure sheaf
OB{qℏ`1OBæt0u. Pulling back X along the inclusion Bℏ ãÑ B gives a subfamily Xℏ with
map π : Cℏ Ñ Bℏ. Here, Cℏ is the (Hausdorff) topological space π´1p0q together with
the structure sheaf OC{qℏ`1OCæπ´1p0q. (In other words, π : Cℏ Ñ Bℏ is the ℏ-th order
infinitesimal deformation of the nodal curve C0.)

Restricting VX and ωC{B to Cℏ yields the sheaves VXℏ and ωCℏ{Bℏ , where VXℏ is the
sheaf of VOA associated to the ℏℏℏ-th order infinitesimal deformation Xℏ. In the special
case ℏ “ 0, then VXℏ is the sheaf of VOA associated to the nodal curve C0.

The restriction of π : Cℏ Ñ Bℏ to Cℏ ´ Σ can be regarded as the projection prC ´ ς 1 ´

ς2q ˆ Bℏ Ñ Bℏ. Therefore, each element of H0pCℏ,VXℏ b ωCℏ{Bℏp‚SXqq can be faithfully
presented as v0 ` v1q ` ¨ ¨ ¨ ` vℏq

ℏ where v0, . . . , vℏ P H0prC,V
rX

b ω
rCp‚S

rX
qq.

By adapting Steps 2 and 3 of the proof of (b)ñ(a) in Thm. 1.11, one can verify the
following remark, which provides the geometric meaning of ℏ-compatibility.

Remark 1.13. Let v0, . . . , vℏ P H0prC,V
rX

bω
rCp‚S

rX
qq. Then v0 `v1q` ¨ ¨ ¨ `vℏq

ℏ corresponds
to some element of H0pCℏ,VXℏ b ωCℏ{Bℏp‚SXqq if and only if v0 ` v1q ` ¨ ¨ ¨ ` vℏq

ℏ is ℏ-
compatible.

1.4 Truncated q-expansions with prescribed Laurent coefficients at ς 1, ς2

We continue to assume R “ 1. We shall show that any finitely many elements of the
family pcαm,nq in Def. 1.9 can be assigned prescribed numbers. Note that if 0 ď ℏ ď Q are
integers, then N2

ďQzN2
ąℏ is the set of all pm,nq P N such that m,n ď Q, and that at least

one of m,n is ď ℏ.

Proposition 1.14. Assume that each connected component of rC contains one of ς1, . . . , ςN . Choose
M P N and u P VďM . Choose integers 0 ď ℏ ď Q. Choose a family

`

cm,n : pm,nq P N2
ďQzN2

ąℏ
˘

in C. Then for each 0 ď k ď ℏ, there exists vk P H0
`

rC,V ďM
rX

b ω
rCp‚S

rX
q
˘

whose Laurent series
expansions at ς 1 and ς2 are respectively

Uϱpξqvk
ˇ

ˇ

V 1´tς 1u
“

Q´k
ÿ

t“´k

ct`k,kξ
t`Lp0q´1udξ mod VďM bC OpV 1qξQ`Mdξ (1.48a)
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Uϱpϖqvk
ˇ

ˇ

V 2´tς2u
“ ´

Q´k
ÿ

t“´k

ck,t`kϖ
t`Lp0q´1Upγ1qudϖ mod VďM bC OpV 2qϖQ`Mdϖ

(1.48b)

Proof. Write Z
rX

“ tς1, . . . , ςNu. Let A P N, and consider the short exact sequence

0 Ñ V ďM
rX

b ω
rC
`

AZ
rX

´ pQ`Mqς 1 ´ pQ`Mqς2
˘

Ñ V ďM
rX

b ω
rC
`

AZ
rX

` pk ` 1qς 1 ` pk ` 1qς2
˘

Ñ P Ñ 0.

where P is the quotient of the previous two sheaves. Abbreviate this exact sequence to
0 Ñ P2 Ñ P 1 Ñ P Ñ 0. Since each component of rC intersects Z

rX
, by Serre’s vanishing

theorem (or by the proof of [Gui24, Thm. 2.3]), we have H1prC,P2q “ 0 for sufficiently
large A. Fix such an A. Then, we obtain a long exact sequence

0 Ñ H0prC,P2q Ñ H0prC,P 1q Ñ H0prC,Pq Ñ 0

Define σ P H0prC,Pq as follows. Let Uϱpξqσ|V 1 and Uϱpϖqσ|V 2 be represented by

Q´k
ÿ

t“´k

ct`k,kξ
t`Lp0q´1udξ ´

Q´k
ÿ

t“´k

ck,t`kϖ
t`Lp0q´1Upγ1qudϖ

respectively. On rC ´ tς 1, ς2u, we set σ “ 0. Then, by the above exact sequence, σ has a lift
vk P H0prC,P 1q. Clearly vk satisfied the desired property.

Proposition 1.15. Under the assumptions of Prop. 1.14, assume that v0, . . . , vℏ P H0
`

rC,V ďM
rX

b

ω
rCp‚S

rX
q
˘

satisfy (1.48). Then v0 ` v1q ` ¨ ¨ ¨ ` vℏq
ℏ is ℏ-compatible.

Proof. Choose a basis puαqαPA of VďM such that the element u in Prop. 1.14 equals ϵ ¨ uβ

for some β P A and ϵ P C. By (1.48),

Uϱpξqvk
ˇ

ˇ

V 1´tς 1u
´

Q´k
ÿ

t“´k

ct`k,kξ
t`Lp0q´1udξ (‹)

is a (finite) Crrξss-linear combination of pξQ`MuαqαPA. Since

ξQ`Muα “ ξQ`Lp0q ¨ ξM´Lp0quα

and since ξM´Lp0quα is a Crξs-linear combination of puαqαPA, we conclude that (‹) is a
Crrξss-linear combination of pξQ`Lp0quαqαPA. Therefore, for each α P A, 0 ď k ď ℏ, there
exists a family pfαt`k,kqtPNěQ`1

in C such that Uϱpξqvk
ˇ

ˇ

V 1´tς 1u
has power series expansion

Q´k
ÿ

t“´k

ct`k,kξ
t`Lp0q´1udξ `

ÿ

αPA

`8
ÿ

t“Q`1

fαt`k,kξ
t`Lp0q´1uαdξ (1.49a)
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Similarly, we can expand Uϱpϖqvk
ˇ

ˇ

V 2´tς2u
into the power series

´

Q´k
ÿ

t“´k

ck,t`kϖ
t`Lp0q´1Upγ1qudϖ ´

ÿ

αPA

`8
ÿ

t“Q`1

gαk,t`kϖ
t`Lp0q´1Upγ1quαdϖ (1.49b)

where gαk,t`k P C. Define the family pcαm,nq (where α P A and pm,nq P N2zN2
ąℏ) by

cαm,n “

$

’

’

’

&

’

’

’

%

δα,β ¨ ϵ ¨ cm,n if pm,nq P N2
ďQzN2

ąℏ
fαm,n if n ď ℏ and m ą Q` n

gαm,n if m ď ℏ and n ą Q`m

0 otherwise

Then (1.42) is satisfied.

1.5 Fusion product bFpWq and dual fusion product nFpWq

In this section, we let N,R P N.

Definition 1.16. An pR,NqpR,NqpR,Nq-pointed compact Riemann surface with local coordinates
denotes a data of the form

F “
`

x1
1, . . . , x

1
R; θ

1
1, . . . , θ

1
R

ˇ

ˇC
ˇ

ˇx1, . . . , xN ; θ1, . . . , θN
˘

Here C is a compact Riemann surface, x1, . . . , xN , x1
1, . . . , x

1
R are distinct marked points of

C. Each xi has local coordinate θi (i.e., θi is a univalent holomorphic function on a neigh-
borhood of xi sending xi to 0), and each x1

j has a local coordinate θ1
j . We call x1, . . . , xN

the incoming marked points (or simply inputs) of F, and we call x1
1, . . . , x

1
R the outgoing

marked points (or simply outputs) of F.

1.5.1 Definition and explicit construction

Let F be as in Def. 1.16. Associate W P ModpVbN q to the ordered marked points
x1, . . . , xN .

Definition 1.17. Assume that

each connected component of C contains one of x1, . . . , xN (1.50)

A dual fusion product of W along F denotes a pair pnFpWq, qג where nFpWq P ModpVbRq

is associated to x1
1, . . . , x

1
R and ג P T ˚

F pnFpWq b Wq satisfies the universal property:

• For each M P ModpVbRq associated to x1
1, . . . , x

1
R, the map

HomVbRpM,nFpWqq Ñ T ˚
F pM b Wq T ÞÑ ג ˝ pT b idWq (1.51)

is a linear isomorphism.
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We abbreviate pnFpWq, qג to nFpWq when no confusion arises. The contragredient VbR-
module of nFpWq is denoted by bFpWq and called the fusion product of W along F. We
call ג the canonical conformal block.

Note that M b W and nFpWq b W are grading-restricted VbpN`Rq-modules, both as-
sociated to the ordered marked points x1

1, . . . , x
1
N , x1, . . . , xR.

Dual fusion products are clearly unique up to unique isomorphisms. The existence
of dual fusion products was proved in [GZ23, Thm. 3.31]. Note that when R “ 0, then
nFpWq is the space of conformal blocks T ˚

F pWq, and ג : nFpWq b W Ñ C is given by

ג : T ˚
F pWq b W Ñ C ϕb w ÞÑ ϕpwq

Hence bFpWq is the space of coinvariant TFpWq. See [GZ25a, Sec. 3.4] for more explana-
tions.

Remark 1.18. The map (1.51) is clearly injective if ג is partially injective in the sense that

tξ P nFpWq : pξג b wq “ 0q for all w P Wu

is zero. Conversely, if pnFpWq, qג is a dual fusion product, then its explicit construction in
Thm. 1.21 clearly indicates that ג is partially injective.

We need to recall the explicit construction of (dual) fusion products. Let

ZF “ tx1, . . . , xNu Z 1
F “ tx1

1, . . . , x
1
Ru (1.52)

be divisors. In the remaining part of this section, we always assume (1.50).

Definition 1.19. For each a1, ¨ ¨ ¨ , aR P N and n P N, define

V ďn
F,a1,¨¨¨ ,aR

” V ďn
F,a‹

:“ V ďn
F

`

´ pLp0qZ 1
F ` a1x

1
1 ` ¨ ¨ ¨ ` aRx

1
Rq
˘

VF,a1,¨¨¨ ,aR ” VF,a‹
:“ lim

ÝÑ
nPN

V ďn
F,a1,¨¨¨ ,aR

using the data of F,V. More precisely, V ďn
F,a‹

is a locally free OC-submodule of V ďn
F de-

scribed as follows. Outside x1
1, ¨ ¨ ¨ , x1

R, it is exactly V ďn
F ; for each 1 ď j ď R, if Ωj is a

neighborhood of x1
j on which θ1

j is defined (and univalent), and if ΩjXtx1
1, . . . , x

1
Ru “ tx1

ju,
then V ďn

F,a‹
|Ωj is generated by

Uϱpθ1
jq

´1pθ1
jq
aj`Lp0qv (1.53)

for homogeneous vectors v P Vďn.

Definition 1.20. Define a vector space

TF,a1,¨¨¨ ,aRpWq ” TF,a‹
pWq “

W
H0

`

C,VF,a1,¨¨¨ ,aR b ωCp‚ZFq
˘

¨ W
(1.54)

where the linear action of H0
`

C,VF,a‹
b ωCp‚ZFqq on W is defined to be the restriction of

the residue action of H0pC,VF b ωCp‚ZFqq. Its dual space is denoted by

T ˚
F,a1,...,aR

pWqT ˚
F,a1,...,aR

pWqT ˚
F,a1,...,aR

pWq ” T ˚
F,a‹

pWq
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Theorem 1.21. Let

nFpWq :“ lim
ÝÑ

a1,¨¨¨ ,aRPN
T ˚

F,a1,¨¨¨ ,aR
pWq ”

ď

a1,...,aRPN
T ˚

F,a1,¨¨¨ ,aR
pWq

which is naturally a linear subspace of W˚. Moreover, nFpWq has a canonical grading-restricted
VbR-module structure. If we restrict the evaluation pairing W˚ bW Ñ C to the linear functional
ג : nFpWq b W Ñ C, then pnFpWq, qג is a dual fusion product of W along F.

Proof. See [GZ23, Ch. 3]. In particular, the VbR-module structure on nFpWq can be de-
fined in terms of the propagation of partial conformal blocks (cf. [GZ23, Sec. 3.1]). It
can also be described by the residue action of elements of H0pC,VF b ωCp‚ZF ` ‚Z 1

Fqq (cf.
[GZ23, Prop. 3.19]).

1.5.2 b is right exact and n is left exact

The following theorem will be used in the proof of Thm. 1.24.

Theorem 1.22. The covariant functor W P ModpVbN q ÞÑ bFpWq P ModpVbRq is right exact.
Equivalently, the contravariant functor W P ModpVbN q ÞÑ nFpWq P ModpVbRq is left exact.

Proof. We first fix a1, . . . , aR and prove that W ÞÑ TF,a‹
pWq is right exact. Write J “

H0
`

C,VF,a‹
b ωCp‚ZFq

˘

so that TF,a‹
pWq “ W{JW. Let W3 Ñ W2 Ñ W1 Ñ 0 be an exact

sequence in ModpVbN q. Then we have an exact sequence of chain complexes 0 Ñ JW‚ Ñ

W‚ Ñ TF,a‹
pW‚q Ñ 0. Namely, we have the commutative diagram Fig. 1.1, where the

rows are exact, and the composition of any two consecutive vertical arrows is zero.

0 JW3 W3 TF,a‹
pW3q 0

0 JW2 W2 TF,a‹
pW2q 0

0 JW1 W1 TF,a‹
pW1q 0

0 0 0

φ α

γ ψ β

δ

Figure 1.1. The exact sequence of chain complexes in Thm. 1.22.

We use the notations in Fig. 1.1. Then, the zig-zag lemma yields an exact sequence

Kerψ{Imφ Ñ Kerβ{Imα Ñ Kerδ{Imγ

By assumption, we have Kerψ{Imφ “ 0. Note that if we view W1 as the quotient module
W2{W3, then the action of J on W2 descends to that of W1. Therefore γ is surjective, and
hence Kerδ{Imγ “ 0. Thus Kerβ “ Imα. A similar argument shows that β is surjective.
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Therefore, we have an exact sequence TF,a‹
pW3q

α
ÝÝÑ TF,a‹

pW2q
β

ÝÝÑ TF,a‹
pW1q Ñ 0. This

finishes the proof that TF,a‹
p´q is right exact. Equivalently, T ˚

F,a‹
p´q is left exact.

Now, consider the sequence

0 Ñ
ď

a‹

T ˚
F,a‹

pW1q
βt

ÝÝÑ
ď

a‹

T ˚
F,a‹

pW2q
αt

ÝÝÑ
ď

a‹

T ˚
F,a‹

pW3q

By the left exactness of T ˚
F,a‹

p´q, the restriction of βt to each T ˚
F,a‹

pW1q is injective, and
the map βt sends each T ˚

F,a‹
pW1q onto Kerpαtq

ˇ

ˇ

T ˚
F,a‹

pW2q
. Therefore, the above sequence

must be exact. This proves that nFp´q is left exact, and hence bFp´q is right exact.

1.5.3 Fusion product along F \ G

Let N,K P Z` and R,Q P N. In this subsection, we let

F “
`

x1
1, . . . , x

1
R; θ

1
1, . . . , θ

1
R

ˇ

ˇC1

ˇ

ˇx1, . . . , xN ; θ1, . . . , θN
˘

G “
`

y1
1, . . . , y

1
Q;µ

1
1, . . . , µ

1
Q

ˇ

ˇC2

ˇ

ˇy1, . . . , yK ;µ1, . . . , µK
˘

be respectively pR,Nq-pointed and pQ,Kq-pointed compact Riemann surface with local
coordinates. We assume that each component of C1 contains one of x1, . . . , xN , and each
component of C2 contains one of y1, . . . , yK .

Define the disjoint union F \ G to be

F \ G “
`

x1
1, . . . , x

1
R, y

1
1, . . . , y

1
Q; θ

1
1, . . . , θ

1
R, µ

1
1, . . . , µ

1
Q

ˇ

ˇC1 \ C2

ˇ

ˇ

x1, . . . , xN , y1, . . . , yK ; θ1, . . . , θN , µ1, . . . , µK
˘ (1.55)

which is an pR ` Q,N ` Kq-pointed compact Riemann surface with local coordinates.
Associate W P ModpVbN q to the ordered marked points x1, . . . , xN . Associate X P

ModpVbKq to the ordered marked points y1, . . . , yK . Thus we have dual fusion products

pnFpWq, qג pnGpXq,ℸq

Associate the tensor product module W b X P ModpVbpN`Kqq to the ordered marked
points x1, . . . , xN , y1, . . . , yK of F \ G.

The following lemma is a special case of Thm. 1.24.

Lemma 1.23. Assume that R “ Q “ 0. Then each ω P T ˚
F\GpW b Xq is can be written as a

finite sumω “
ř

iϕi bψi where ϕi P T ˚
F pWq and ψi P T ˚

G pXq.

Proof. Since ω is a conformal block, each σ P H0pC1,VF b ωC1p‚ZFqq can be extended by
zero to an element ofH0pC1\C2,VF\GbωC1\C2p‚ZF`‚ZGqq. Thereforeωppσ ¨wqbuq “ 0
for all w P W, u P X.

Now, let pϕiqiPI be a (finite) basis of T ˚
F pWq. By the first paragraph, for each u P X,

the linear functional w P W ÞÑ ωpw b uq is a conformal block associated to F and W,
and hence can be written uniquely as a linear combination of pϕiqiPI . For each u P X,
We write it as

ř

iψipuqϕi where ψipuq P C. Similar to the first paragraph, for each σ P

H0pC2,VG b ωC2p‚ZGqq we have ωpw b pσ ¨ uqq “ 0, and hence ψipσ ¨ uq “ 0. Therefore
each ψi : X Ñ C belongs to T ˚

G pXq. Clearlyω “
ř

iϕi bψi.
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We now arrive at the main result of this section, which is needed in the proof of the
sewing-factorization Thm. 3.4. Roughly speaking, this result says that

nF\GpW b Xq » nFpWq b nGpXq bF\G pW b Xq » bFpWq b bGpXq

In the special case that R “ Q “ 0, the above isomorphisms become

T ˚
F\GpW b Xq » T ˚

F pWq b T ˚
G pXq TF\GpW b Xq » TFpWq b TGpXq

Theorem 1.24. Define the linear functional

ג b ℸ : nFpWq b nGpXq b W b X Ñ C
ϕbψb w b u ÞÑ pϕbג wq ¨ ℸpψb uq

Then pnFpWq b nGpXq, ג b ℸq is a dual fusion product of W b X along F \ G.

Here, nFpWq b nGpXq bWbX is associated to the marked points of F\G in the order
x1
1, . . . , x

1
R, y

1
1, . . . , y

1
Q, x1, . . . , xN , y1, . . . , yK .

Proof. Clearly ג b ℸ is a conformal block associated to F \ G. We need to check the
universal property in Def. 1.17: for each M P ModpVbpR`Qqq, the linear map

ΨM : HomVbpR`QqpM,nFpWq b nGpXqq Ñ T ˚
F\GpM b W b Xq T ÞÑ ΨMpT q

is bijective, where

ΨMpT q : M b W b X Ñ C mb w b u ÞÑ pג b ℸqpT pmq b w b uq

Step 1. Let us prove that ΨM is injective. Suppose that ΨMpT q “ 0. Choose anym P M,
and write T pmq “

ř

iPI ϕi bψi where ϕi P nFpWq and ψi P nGpXq, and pϕiqiPI is linearly
independent. Then for all w P W, u P X we have pגbℸqpT pmq bwbuq “ 0, which means

ÿ

i

pϕiג b wq ¨ ℸpψi b uq “ 0

Since nFpWq is grading-restricted, we can find a1, . . . , aR P R such that nFpWqrďa‚s con-
tains all ϕi. The linear map

w P W ÞÑ ´pג b wq P pnFpWqrďa‚sq
˚

is surjective; otherwise, we can find a nonzero ϕ P nFpWqrďa‚s such that pϕbwqג “ 0 for
all w P W, contradicting the partial injectivity of ג (cf. Rem. 1.18). Therefore, since pϕiqiPI
is linearly independent, we can find a collection pwiqiPI in W such that pϕiג b wjq “ δi,j
for all i, j P I . Thus ℸpψi b uq “ 0 for all i P I and all u P X. Since ℸ is partially injective,
we have ψi “ 0. This proves T pmq “ 0. Thus T “ 0.

Step 2. Let us prove that ΨM is bijective. We first consider the special case that M “

E b F where E P ModpVbRq and F P ModpVbQq. By Lem. 1.23, it suffices to prove
that Ω b Θ belongs to the range of ΨM if Ω P T ˚

F pE b Wq and Θ P T ˚
G pF b Xq. By

the universal property for pnFpWq, qג and pnGpXq,ℸq, there exist F P HomVbRpE,nFpWqq
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and G P HomVbQpF,nGpXqq such that Ω “ ג ˝ pF b idWq and Θ “ ℸ ˝ pG b idXq. Then
ΨEbFpF bGq “ ΩbΘ. Thus ΨEbF is surjective, and hence is bijective.

Next, we consider the general case. By [McR23, Prop. 3.2], there is an epimorphism
β : E b F Ñ M where E P ModpVbRq and F P ModpVbQq. Applying the same result to
Kerβ, we obtain an exact sequence

rE b rF α
ÝÝÑ E b F β

ÝÝÑ M Ñ 0 (1.56)

Then (1.56) induces the commutative diagram Fig. 1.2, where the vertical arrows above
the last two rows are defined by composition with α and β.

0 0

HomVbpR`QqpM,nFpWq b nGpXqq T ˚
F\GpM b W b Xq

HomVbpR`QqpE b F,nFpWq b nGpXqq T ˚
F\GpE b F b W b Xq

HomVbpR`QqprE b rF,nFpWq b nGpXqq T ˚
F\GprE b rF b W b Xq

ΨM

ΨEbF

Ψ
rEbrF

Figure 1.2. The commutative diagram induced by (1.56).

The left column in Fig. 1.2 is exact because HomVbpR`Qqp´,nFpWq b nGpXqq is left
exact. The right column is exact due to Thm. 1.22. By the previously proved special case,
ΨEbF and Ψ

rEbrF are isomorphisms. Therefore, by the five lemma, the linear map ΨM is an
isomorphism.

2 Sewing-factorization theorem: A key special case

In this chapter, we assume the setting in Subsec. 1.2.2 and use freely the notations in
that subsection. In particular, we let R “ 1. Moreover, we assume that each connected
component of rC contains one of ς1, . . . , ςN . Then Asmp. 1.3 is satisfied. Compatible with
(1.52), we let

Z
rX

“ tς1, . . . , ςNu Z 1
rX

“ tς 1, ς2u (2.1)

Hence S
rX

“ Z
rX

Y Z 1
rX

.

2.1 The SF theorem

2.1.1 The setting

Define a p2, Nq-pointed compact Riemann surface with local coordinates

F “
`

ς 1, ς2; ξ,ϖ
ˇ

ˇC
ˇ

ˇς1, . . . , ςN ; η1, . . . , ηN
˘

(2.2)
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In other words, F is almost the same as rX, except that the marked points ς 1, ς 1 of rX are
viewed as outgoing points of F. Let pnFpWq, qג be the dual fusion product associated
to F and W. Thus ג : nFpWq b W Ñ C is the canonical conformal block, and nFpWq P

ModpVb2q is associated to ς 1, ς2. In particular, for each v P V, the vertex operator Y1pv, zq “

Y pv b 1, zq is for ς 1, and Y2pv, zq “ Y p1 b v, zq is for ς2. We write

Y` “ Y1 Y´ “ Y2

Define a p2, 0q-pointed sphere with local coordinates

N “
`

8, 0; 1{ζ, ζ
ˇ

ˇP1
˘

(2.3)

where ζ denotes the standard coordinate of C.

Remark 2.1. Associate M P ModpVb2q to the ordered pair of marked points p8, 0q. So
Y` “ Y1 is associated to 8, and Y´ “ Y2 is associated to 0. Note that T ˚

N pMq Ă M˚. Let χ P

M˚. It is easy to see thatH0pP1,VNbωP1p‚8`‚0qq is spanned by all Uϱpzq´1puzndzq where
u P V and n P Z. Combining this observation with the fact that pUϱp1{ζqUϱpζq´1qz “ Upγzq

for all z P Cˆ (cf. [GZ23, Exp. 1.15]), we see that χ belongs to T ˚
N pMq if and only if for all

u P V,m P M, the relation
@

χ, Y 1
`pu, zqm

D

“
@

χ, Y´pu, zqm
D

(2.4a)

holds in Crrz˘1ss. Due to (1.2) and (1.4), condition (2.4a) is equivalent to
@

χ, Y`pu, zqm
D

“
@

χ, Y 1
´pu, zqm

D

(2.4b)

A similar description holds for conformal blocks associated to a disjoint union of several
pieces of N.

Associate bFpWq to p8, 0q. In particular, Y` “ Y1 is for 8 and Y´ “ Y2 is for 0. Let

SpF \ Nq be the sewing of F \ N along the pair
pς 1,8q with sewing radii r, 1, and along pς2, 0q with sewing radii ρ, 1

(2.5)

(See Subsec. 1.2.1 for more details.) Then SpF\Nq has base manifold Dr ˆDρ. Moreover,
the pullback of X|Dˆ

rρ
along the map pq1, q2q P Dˆ

r ˆ Dˆ
ρ ÞÑ q1q2 P Dˆ

rρ is canonically
equivalent to SpF \ Nq|Dˆ

r ˆDˆ
ρ

. In particular, for each q1 P Dˆ
r , q2 P Dˆ

ρ , we have a
canonical equivalence of fibers

Xq1q2 » SpF \ Nqq1,q2 (2.6)

For each χ P T ˚
N pbFpWqq, noting that ג : nFpWq b W Ñ C and χ : bFpWq Ñ C are

linear functional, define

Spג b χq : W Ñ Ctq1, q2urlog q1, log q2s

@

Spג b χq, w
D

“
ÿ

λ1,λ2PC
‚pPλג

´ b wq ¨ χ
`

q
L`p0q

1 q
L´p0q

2 Pλ‚
´
˘ (2.7a)
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where, for each λ‚, the contraction is taken using a (finite) basis peλ‚
pαqqαPAλ‚

of nFpWqrλ‚s

and its dual basis pqeλ‚
pαqqαPAλ‚

in bFpWqrλ‚s. More precisely,

xSpג b χq, wy “
ÿ

λ1,λ2PC

ÿ

αPAλ‚

‚pqeλג
pαq b wq ¨

@

χ, q
L`p0q

1 q
L´p0q

2 eλ‚
pαq

D

(2.7b)

See [GZ25a, Sec. 4.1] for more discussions.
By [GZ25a, Thm. 4.9], Spג b χq converges a.l.u. on Dˆ

r ˆ Dˆ
ρ in the sense of Def. 1.1,

and for each p1 P Dˆ
r , p2 P Dˆ

ρ with chosen arguments, the linear functional Spגbχqp1,p2 :
W Ñ C is a conformal block associated to Xp1p2 “ SpF \ Nqp1,p2 and W. Therefore

Spג b χq P H0
`

pDˆ
r ˆ pDˆ

ρ ,T
˚
SpF\NqpWq

˘

(2.8)

(Recall (1.1) for the meanings of pDˆ
r and pDˆ

ρ .)

2.1.2 The sewing-factorization theorem

The goal of this chapter, which will be achieved in Sec. 2.5, is to prove the following
version of the sewing-factorization theorem.

Theorem 2.2. Let p1 P Dˆ
r , p2 P Dˆ

ρ with fixed arg p1, arg p2. Then

T ˚
N pbFpWqq Ñ T ˚

SpF\Nqp1,p2
pWq χ ÞÑ Spג b χq

ˇ

ˇ

p1,p2
(2.9)

is a linear isomorphism.

Remark 2.3. Thm. 2.2 was originally suggested by Kong and Zheng [KZ] in a slightly
different form. In their formulation, they consider self-sewing rX rather than sewing F
with N, and—due to the absence of N—they interpret elements of T ˚

N pbFpWqq as invari-
ant linear functionals on bFpWq rather than as conformal blocks associated to bFpWq and
N. Our formulation, which is based on the disjoint sewing of conformal blocks, allows us
to view Theorem 2.2 as a special (yet significant) case of the general sewing-factorization
Thm. 3.5, the latter being more useful in applications.

In the next chapter, we will need a variant of Thm. 2.2 to prove the general versions
of the sewing-factorization theorems. Let

Q “
`

8, 0; 1{ζ, ζ
ˇ

ˇP1
ˇ

ˇ1; ζ ´ 1
˘

(2.10)

Again, ζ denotes the standard coordinate of C. Associate V to the incoming marked point
1, which gives a dual fusion product pnQpVq,ℵq where ℵ : nQpVqbV Ñ C is the canonical
conformal block. Recall that 1 P V is the vacuum vector. It is easy to check that

ω “ ℵp´ b 1q : nQpVq Ñ C (2.11)

is an element of T ˚
N pnQpVqq.

Corollary 2.4. Let p1 P Dˆ
r , p2 P Dˆ

ρ . Then the linear map

T ˚
F pbQpVq b Wq Ñ T ˚

SpF\Nqp1,p2
pWq ϕ ÞÑ Spϕbωq

ˇ

ˇ

p1,p2
(2.12)

is an isomorphism.
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Here, Spϕbωq is defined in a similar way to (2.7a). (See also Def. 3.2.)

Proof. By the universal property for ג (cf. Def. 1.17), the linear map

HomVb2pbQpVq,nFpWqq Ñ T ˚
F pbQpVq b Wq T ÞÑ ג ˝ pT b idWq

is an isomorpism. Therefore, to prove that (2.12) is an isomorphism, it suffices to prove
that the linear map

HomVb2pbQpVq,nFpWqq Ñ T ˚
SpF\Nqp1,p2

pWq

T ÞÑ Sppג ˝ pT b idWqq bωq
ˇ

ˇ

p1,p2
“ Spג b pω ˝ T tqq

is an isomorphism. By Thm. 2.2, it suffices to prove that

HomVb2pbQpVq,nFpWqq Ñ T ˚
N pbFpWqq

T ÞÑ ω ˝ T t “ ℵ ˝ pT t b 1q

But this follows from the universal property for pnQpVq,ℵq (i.e., T ÞÑ ℵ ˝ pT t b idVq is an
isomorphism) and the propagation of conformal blocks, which says that

T ˚
Q pbFpWq b Vq Ñ T ˚

N pbFpWqq λ ÞÑ λp´ b 1q

is a linear isomorphism, cf. [GZ23, Cor. 2.44].

Remark 2.5. Assume that V is rational, and let Irr be a set of representatives of isomor-
phism classes of simple objects of ModpVq. Let

nQpVq “
à

MPIrr

M1 b M

ג : nQpVq b V Ñ C m1 bmb v ÞÑ xm1, Y pv, 1qmy

It is easy to show that pnQpVq, qג is a dual fusion product of V along Q, and ω|M1bM is
the evaluation pairing. Given p0 P Dˆ

rρ, we write p0 “ p1p2 where p1 P Dˆ
r , p2 P Dˆ

ρ , and
recall the isomorphism (2.6). Then Cor. 2.4 asserts that

à

MPIrr

T ˚
rX

pM1 b M b Wq ÝÑ T ˚
Xp0

pWq ‘M ϕM ÞÑ
ÿ

M
SϕM

ˇ

ˇ

p0
(2.13)

is a linear isomorphism, where

SϕM
ˇ

ˇ

p0
: W Ñ C w ÞÑ

ÿ

λPC
ϕ
`

qLp0qPλ´ b Pλ´ b w
˘

In particular, we obtain the factorization formula

dimT ˚
X pWq

ˇ

ˇ

p0
“

ÿ

MPIrr

dimT ˚
rX

pM1 b M b Wq (2.14)

originally proved in [DGT24] using algebro-geometric methods. Therefore, the present
paper may also be regarded as providing an alternative, complex-analytic proof of the
factorization formula for rational C2-cofinite VOAs.
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2.2 The lift ry of qBq and its associated connection ∇κ

The main challenge in Thm. 2.2 is proving that the sewing map (2.9) is surjective. Our
strategy is as follows. Let p0 “ p1p2, and chooseψp0 P T ˚

SpF\Nqp1,p2
pWq. To show that (2.9)

maps some χ P T ˚
N pbFpWqq to ψp0 , we first extend ψp0 to a multivalued parallel section

ψ of the conformal block bundle T ˚
X pWq|Dˆ

rρ
. We then show that ψ has a logarithmic

q-expansion and use the coefficients in this expansion to define χ.
To implement this strategy, we begin by reviewing the definition of (logarithmic) con-

nections on sheaves of conformal blocks.
Since B “ Drρ is a Stein manifold, by [GZ25a, Rem. 2.19], the differential map dπ in

(1.26) gives rise to a surjective map

dπ : H0
`

C,ΘCp´ log C∆ ` ‚SXq
˘

↠ H0
`

C, π˚ΘBp´ log∆qp‚SXq
˘

(2.15)

Therefore, for the element y “ qBq of H0
`

B,ΘBp´ log∆q
˘

, we can find a lift ryryry of qBqqBqqBq, i.e.,
and element ry P H0

`

C,ΘCp´ log C∆ ` ‚SXq
˘

satisfying dπpryq “ π˚pqBqq. (In the following,
we abbreviate π˚pqBqq to qBq as usual.)

Throughout this chapter, we fix a lift ry of qBq. A detailed description of ry is given in
the next subsection.

2.2.1 The q-expansion of the vertical part of ry

Let us expand the “vertical part” of ry into a q-power series
ř

nPN ry
K
n q

n as in Subsec.
1.3.1. See the proof of [Gui24, Thm. 11.4] or [GZ25a, Thm. 4.9] for more discussions.

Choose any precompact open subset rU Ă rC´Z 1
rX

equipped with a univalent η P OprUq.

Choose 0 ă δ ă rρ small enough such that rU ˆ Dδ can be viewed as an open subset of C.
After extending η constantly to a fiberwise univalent function on U :“ rU ˆ Dδ, we have

ry|U “ hpη, qqBη ` qBq (2.16a)

where h P O
`

pη, qqpU ´ ZXq
˘

has finite poles at pη, qqpZXq. Write

h “
ÿ

nPN
hnpηqqn (2.16b)

where each hn P O
`

ηprU ´ Z
rX

q
˘

has finite poles at ηpZ
rX

q, and set

ryK
n “ hnpηqBη P H0prU ´ tς 1, ς2u,Θ

rCp‚Z
rX

qq (2.16c)

It is easy to see that yK
n is independent of the choice of η. Hence one obtains ryK

n P H0prC ´

Z 1
rX
,Θ

rCp‚Z
rX

qq whose local expression is given by (2.16).
Let us show that ryK

n has finite poles at Z 1
rX

. Recall Subsec. 1.2.2 for the meanings of
W,W 1,W 2. Due to (1.25), we can write

ry|W “ apξ,ϖqξBξ ` bpξ,ϖqϖBϖ

where a, b P OpDr ˆ Dρq. Since dπpryq “ qBq, by (1.27), we have

a` b “ 1 (2.17)
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We take power series expansions

apξ,ϖq “
ÿ

m,nPN
am,nξ

mϖn bpξ,ϖq “
ÿ

m,nPN
bm,nξ

mϖn

where am,n, bm,n P C. Under the sets of coordinates pξ, qq and pq,ϖq respectively, we can
write

ry
ˇ

ˇ

W 1 “ apξ, q{ξqξBξ ` qBq “
ÿ

ně0,lě´n

al`n,nξ
l`1qnBξ ` qBq (2.18a)

ry
ˇ

ˇ

W 2 “ bpq{ϖ,ϖqϖBϖ ` qBq “
ÿ

mě0,lě´m

bm,l`mϖ
l`1qmBϖ ` qBq (2.18b)

in the spirit of (2.16). Hence

ryK
n

ˇ

ˇ

V 1´tς 1u
“

ÿ

lě´n

al`n,nξ
l`1Bξ (2.19a)

ryK
n

ˇ

ˇ

V 2´tς2u
“

ÿ

lě´n

bn,l`nϖ
l`1Bϖ (2.19b)

This proves that ryK
n P H0prC,Θ

rCp‚S
rX

qq.

2.2.2 The connection ∇ and its shifted connection ∇κ

For each 1 ď i ď N , recall that the local coordinate ηi P OprUiq at ςi is extended
constantly to ηi P OpUiq at ςipBq. Therefore, Ui has a set of coordinates pηi, qq. By (2.16a),
we can find hi P O

`

pηi, qqpUi ´ SXq
˘

such that

ry|Ui “ hipηi, qqBηi ` qBq (2.20)

where ηki h
ipηi, qq is holomorphic on Ui for some k P N. Define

νpryq P H0
`

U1 Y ¨ ¨ ¨ Y UN ,VX b ωC{Bp‚SXq
˘

Uϱpηiqνpryq|Ui “ hipηi, qqcdηi
(2.21)

(Recall that c is the conformal vector of V.) The sheaf map ∇qBq : W bC OB Ñ W bC OB
is defined as follows. For each open V Ă B and w P W bC OpV q, we set

∇qBqw “ qBqw ´ νpryq ¨ w P W bC OpV q (2.22)

where νpryq ¨ w is the residue action of νpryq on w, cf. (1.33). By [GZ25a, Thm. 2.23],

∇Bq “ q´1∇qBq

descends to a sheaf map on TXpWq|Dˆ
rρ

. Moreover, if we set ∇gBq “ g∇Bq for any g P ODˆ
rρ

,
then ∇ is a connection on the vector bundle TXpWq|Dˆ

rρ
. See [GZ25a, Thm. 2.23] for

details.
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To describe ∇qBq in more detail, we define

νpryK
n q P H0

`

rU1 Y ¨ ¨ ¨ Y rUN Y V 1 Y V 2,V
rX

b ω
rCp‚S

rX
q
˘

(2.23)

in a similar way to (2.21). Namely, in view of (2.16c) and (2.19), let

UϱpηiqνpryK
n q|

rUi
“ hnpηiqcdηi (2.24a)

UϱpξqνpryK
n q|V 1 “

ÿ

lě´n

al`n,nξ
l`1cdξ (2.24b)

UϱpϖqνpryK
n q|V 2 “

ÿ

lě´n

bn,l`nϖ
l`1cdϖ (2.24c)

Thus (2.22) becomes

∇qBqw “ qBqw ´
ÿ

nPN
νpryK

n qw ¨ qn “ qBqw ´

N
ÿ

i“1

ÿ

nPN
Resηi“0 hnpηiqYipc, ηiqwdηi ¨ qn (2.25)

Proposition 2.6. For each n P N, there exists #pryK
n q P C independent of the choice of W such

that for each M P ModpVb2q associated to ς 1, ς2, the residue action of νpryK
n q on T

rX
pM b Wq

equals the multiplication by #pryK
n q, i.e., for each w P W,m P M we have

νpryK
n qmb w `mb νpryK

n qw “ #pryK
n q ¨mb w in T

rX
pM b Wq (2.26)

Moreover, the following power series converges a.l.u. to an element in OpBq.

κ :“
ÿ

nPN
#pryK

n qqn (2.27)

We are mainly interested in the case that M “ nXpWq.

Proof. The first part (about #pryK
n q) holds more generally when ryK

n is replaced by any el-
ement of H0prC,Θ

rCp‚S
rX

qq. Cf. [GZ25a, Thm. 2.29] or [Gui24, Prop. 9.2]. Since #pryK
n q is

independent of the choice of M, to prove that κ converges, one can choose M to be the
tensor product of two objects of ModpVq, e.g., M “ V b V. Similarly, one can choose W to
be VbN . Then the convergence of κ follows from [Gui24, Prop. 11.12]. (See also Step 5 of
the proof of [GZ25a, Thm. 4.9].)

Unfortunately, the sewing of a conformal block is not parallel under ∇. To fix this
issue, we consider the shifted (logarithmic) connection ∇κ∇κ∇κ on the OB-module TXpWq

defined by

∇κ
qBqw “ ∇qBqw ` κ ¨ w (2.28)

for allw P WbCOB. When restricted to Dˆ
rρ, the dual connection ∇κ on the vector bundle

T ˚
X pWq|Dˆ

rρ
is given by

x∇κ
qBq
ψ, wy “ qBqxψ, wy ´ xψ,∇κ

qBq
wy (2.29)

for all ψ P T ˚
X pWq|Dˆ

rρ
.
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2.3 The parallel section ψ and its logarithmic q-expansion

Fix p0 P B ´ ∆ “ Dˆ
rρ and a conformal block ψp0 P T ˚

Xq
pWq. Fix an argument arg p0.

Recall (1.1) for the meaning of pDrρ. Then, pulling back the vector bundle T ˚
X pWq|Dˆ

rρ
and

its connection ∇κ to pDˆ
rρ, and using the isomorphism (1.35) in Rem. 1.7, we obtain a ∇κ-

parallel section ψ P H0p pDˆ
rρ,T

˚
X pWqq whose initial value at p0 (with argument arg p0) is

ψp0 . Thus, by (2.29), for any w P W bC OB we have

qBqxψ, wy “ xψ,∇κ
qBq
wy ψ|p0 “ ψp0 (2.30)

where the first relation holds in O
pDˆ
rρ

.
We view W as a linear subspace of W bC OpBq by viewing each w P W as w b 1. Then

ψ gives a linear map

ψ : W Ñ Op pDˆ
rρq w ÞÑ ψpwq ” xϕ, wy

Lemma 2.7. There existL P N, a finite subsetE Ă C, and a unique collection of linear functionals

ψn,l : W Ñ C where l P t0, 1, . . . , Lu, n P C, and ψn,l “ 0 if n R E ` N

such that for each w P W, the element ψpwq P Op pDˆ
rρq equals

ψpwq “

L
ÿ

l“0

ÿ

nPC
ψn,lpwq ¨ qnplog qql (2.31)

where the RHS of (2.31) converges a.l.u. on Dˆ
rρ in the sense of Def. 1.1.

Proof. The uniqueness follows from Prop. 1.2. Then for each ó1, . . . , óN P R, ψ restricts
to a linear map ψďó‚ : Wrďó‚s Ñ Op pDˆ

rρq, i.e., a Wrďó‚s-valued multivalued holomorphic
function on Dˆ

rρ. Let

J “ H0pC,VX b ωC{Bp‚SXqq ¨ pW bC OpBqq

where SpanC has been suppressed. Then J is an OpBq-submodule of WXpWq :“ W bC
OpBq. By [GZ25a, Thm. 1.16], the quotient OpBq-module WXpWq{J is finitely generated.
Therefore, there exist ó1, . . . , óN P R such that WXpWq{J is OpBq-generated by the ele-
ments of Wrďó‚s. In the following, we fix these ó‚.

Now let peiqiPI be a (finite) basis of Wrďó‚s. Since ∇κ
qBq
ei P WXpWq (cf. (2.22)), there

exists a family pΩi,jqi,jPI in OpBq such that

∇κ
qBq
ei “

ÿ

i,jPI

Ωi,jej mod J

for all i P I . Note that ψ is a conformal block and hence is vanishing on J , cf. (1.34).
Therefore, by (2.30), we have

qBqψ
ďó‚peiq “

ÿ

jPI

Ωi,jψ
ďó‚pejq
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for all i P I . By the basic theory of linear differential equations with simple poles (cf.
[Tes12, Thm. 4.7], for example), we can find L P N and a finite set E Ă C such that

ψďó‚pwq “

L
ÿ

l“0

ÿ

nPE`N
ψ

ďó‚

n,l pwq ¨ qnplog qql for all w P Wrďó‚s (2.32)

where each ψďó‚

n,l : Wrďó‚s Ñ C is a linear functional.
Let pmjqjPJ be a basis of W. For each j P J , choose wj P Wrďó‚s bC OpBq such that

mj ´ wj P J . So ψpmjq equals ψpwjq as an element of Op pDˆ
rρq. By (2.32), we can write

ψpwjq “

L
ÿ

l“0

ÿ

nPE`N
λn,l,j ¨ qnplog qql

where λn,l,j P C. For each 0 ď l ď L and n P E ` N, define ψn,l : W Ñ C to be the unique
linear functional satisfying ψn,lpmjq “ λn,l,j for all j P J . Then (2.31) is satisfied.

2.4 Important properties of the logarithmic q-expansion of ψ

Let pψn,lq be as in Lem. 2.7. From now until the end of this chapter, we view nFpWq as
a linear subspace of W˚ and view ג : nFpWq b W Ñ C as the restriction of the evaluation
pairing W˚ b W Ñ C, cf. Thm. 1.21. Moreover, we assume, without loss of generality,
that the set E in Lem. 2.7 is chosen in such a way that E ` N equals the disjoint union
Ů

ePEpe` Nq.

Lemma 2.8. Let 0 ă ε ă rρ and v P H0
`

π´1pDεq,VX b ωC{Bp‚SXq
˘

with q-expansion v “
ř

kPN vkq
k (cf. Def. 1.8). Then for each w P W, 0 ď l ď L, and m P C, we have

ÿ

kPN
ψm´k,lpvk ¨ wq “ 0 (2.33)

Recall that vk P H0
`

rC,V
rX

b ω
rCp‚S

rX
q
˘

, and vk ¨ w “
řN
i“1 vk ˚i w P W is the residue

action of vk on w (cf. (1.33)). Note also that the LHS of (2.33) is a finite sum, because
ψn,l “ 0 when n P C and ℜpnq ! 0.

Proof. Step 1. Consider the residue action v ¨ w P W bC OpBq defined by (1.33). Since ψ is
a conformal block associated to X|Dˆ

rρ
, it vanishes at

v ¨ w “
ÿ

kPN
pvk ¨ wq ¨ qk (2.34)

Here, if we choose ó1, . . . , óN P R such that w P Wrďó‚s, then the series on the RHS above
converges a.l.u. to a Wrďó‚s-valued holomorphic function on Dε.

Roughly speaking, we can obtain (2.33) by substituting the series (2.31) and (2.34)
into the equation ψpv ¨ wq “ 0. However, this formal manipulation requires justification,
as the evaluation of ψ on a section of W bC OB is defined in a sheaf-theoretic manner
rather than using formal series. (That is, we first define ψ on W by solving a differential
equation, and then extend it to W bC OB by OB-linearity.) In the following, we provide a
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justification for this.

Step 2. Note that ifX is a complex manifold andϕ : WbCOX Ñ OX is an OX -module
morphism, then for any sequence fn in Wrďó‚sbCOpXq (viewed as holomorphic functions
X Ñ Wrďó‚s) converging locally uniformly to f P Wrďó‚s bCOpXq, the sequence ϕpfnq (in
OpXq) clearly converges locally uniformly on X to ϕpfq.

Now, for each 0 ď l ď L, e P E, let λe,l : W bC OB Ñ OB be the OB-module morphism
determined by the fact that for each w P W,

λe,lpwq “
ÿ

nPN
ψe`n,lpwqqn

where the RHS converges a.l.u. on Drρ. By the previous paragraph, for each m P Z we
have

Resq“0 λe,lpv ¨ wq ¨ q´m´1dq “ Resq“0

ÿ

kPN
λe,lpvk ¨ wq ¨ qk´m´1dq

By the a.l.u. convergence, the residue on the RHS (viewed as a contour integral) com-
mutes with

ř

k. Therefore

Resq“0 λe,lpv ¨ wq ¨ q´m´1dq “
ÿ

kPN
Resq“0 λe,lpvk ¨ wq ¨ qk´m´1dq

“
ÿ

kPN
Resq“0

ÿ

nPN
ψe`n,lpvk ¨ wqqn`k´m´1dq “

ÿ

kPN
ψe`m´k,lpvk ¨ wq

where the last term is a finite sum. Therefore

λe,lpv ¨ wq “
ÿ

mPN

ÿ

kPN
ψe`m´k,lpvk ¨ wqqm

Here, the outer sum
ř

m converges a.l.u. on Dε, and the inner sum
ř

k is finite. Since

ψ “
ÿ

0ďlďL

ÿ

ePE

λe,l ¨ qeplog qql

holds on W and hence (by OB-linearity) on W bC OpDˆ
ε q, we obtain in Op pDˆ

ε q that

ψpv ¨ wq “
ÿ

0ďlďL

ÿ

mPC

ÿ

kPN
ψm´k,lpvk ¨ wq ¨ qmplog qql

Since the ψpv ¨ wq is zero for all q P pDˆ
ε , by Prop. 1.2, we obtain (2.33).

Lemma 2.9. For all n P C, 0 ď l ď L, we have ψn,l P nFpWq.

Proof. It suffices to assume that n P E ` N. Recall Def. 1.19. Then, for each ℏ P N and
σ P H0

`

rC,VF,ℏ,ℏ b ω
rCp‚Z

rX
q
˘

, we have that σ ` 0 ¨ q ` ¨ ¨ ¨ ` 0 ¨ qℏ is ℏ-compatible, cf. Def.
1.9. (Indeed, by setting v0 “ σ, v1 “ ¨ ¨ ¨ “ vℏ “ 0, we obtain (1.42) with the family pcαm,nq,
where the only potentially nonzero terms are cαm,0 for m ą ℏ and cα0,n for n ą ℏ. In fact,
cαm,0, c

α
0,n are determined respectively by the Laurent series expansions of Uϱpξqσ,Uϱpϖqσ

near ς 1, ς2.)

42



Thus, by Thm. 1.11, there exist 0 ă ε ă rρ and v P H0
`

π´1pDεq,VX b ωC{Bp‚SXq
˘

with
q-expansion v “ σ ` ‹qℏ`1 ` ‹qℏ`2 ` ¨ ¨ ¨ . Let us assume, at the beginning of the proof,
that ℏ P N is large enough such that n ´ k R E ` N for any integer k ą ℏ. Then Lem. 2.8
implies ψn,lpσ ¨ wq “ 0 for each w P W. So ψn,l P T ˚

F,ℏ,ℏpWq Ă nFpWq.

Proposition 2.10. Assume that fpξ,ϖq P Crrξ,ϖss and 0 ď ℓ ď L. Then, for each u P V, the
following equation holds in nFpWqtqu.

Resξ“0

ÿ

nPC
fpξ, q{ξqY`pξLp0q´1u, ξqψn,ℓq

ndξ

“Resϖ“0

ÿ

nPC
fpq{ϖ,ϖqY´pϖLp0q´1Upγ1qu,ϖqψn,ℓq

ndϖ
(2.35)

This proposition can be viewed as an inverse of [GZ25a, Prop. 4.6]. Thus, [GZ25a,
Rem. 4.7] can also help the reader understand the two residues in (2.35).

Proof. It suffices to prove that for each ℏ P N, Eq. (2.35) holds true mod Jℏ, where

Jℏ “
ÿ

ePE

qe`ℏ`1 nF pWqrrqss

Fix ℏ P N. Write D “ E ` N and Dℏ “ E ` Nďℏ. Write

fpξ,ϖq “

8
ÿ

m,n“0

cm,nξ
mϖn

where each cm,n P C. Then, the LHS of (2.35), which equals

Resξ“0

ÿ

nPD

`8
ÿ

k“0

`8
ÿ

t“´k

ct`k,kY`pξt`Lp0q´1u, ξqψn,ℓq
k`ndξ

is mod Jℏ equal to

Resξ“0

ÿ

nPDℏ

ℏ
ÿ

k“0

`8
ÿ

t“´k

ct`k,kY`pξt`Lp0q´1u, ξqψn,ℓq
k`ndξ (2.36)

Choose Q P Něℏ such that

Resz“0 Y˘pzQ´ℏ`Lp0q`jv, zqψn,ℓdz “ 0 @n P Dℏ, 0 ď ℓ ď L, v P VďM , j P N (2.37)

By Prop. 1.14, we can find v0, . . . , vℏ P H0
`

rC,V
rX

b ω
rCp‚S

rX
q
˘

satisfying (1.48). Combining
(1.48) (or (1.49)) with (2.37), we see that

(2.36) “
ÿ

nPDℏ

ℏ
ÿ

k“0

Resξ“0 Y`pUϱpξqvk, ξqψn,ℓq
k`n
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So the LHS of (2.35) is mod Jℏ equal to the RHS of the above equation. By a similar
argument, the RHS of (2.35) is mod Jℏ equal to

´
ÿ

nPDℏ

ℏ
ÿ

k“0

Resϖ“0 Y´pUϱpϖqvk, ϖqψn,ℓq
k`n

Recall that the evaluation pairing x¨, ¨y : nFpWq b W Ñ C is just the canonical confor-
mal block ג P T ˚

F pnFpWq bWq. So it vanishes on the residue action vk ¨ pψn,ℓbwq for each
w P W. In other words,

Resξ“0xY`pUϱpξqvk, ξqψn,ℓ, wy ` Resϖ“0xY´pUϱpϖqvk, ϖqψn,ℓ, wy “ ´ψn,ℓpvk ¨ wq

Therefore, when evaluated with w, the LHS minus the RHS of (2.35) is mod Jℏ equal to

´
ÿ

nPDℏ

ℏ
ÿ

k“0

ψn,ℓpvk ¨ wqqk`n (2.38)

By Thm. 1.11 and Prop. 1.15, there exist 0 ă ε ă rρ and v P H0
`

π´1pDεq,VX b ωC{Bp‚SXq
˘

whose ℏ-truncated q-expansion is v0 ` v1q ` ¨ ¨ ¨ ` vℏq
ℏ. Write v “

ř8
k“0 vkq

k. Then, by
Lem. 2.8, we have

ÿ

nPD

`8
ÿ

k“0

ψn,ℓpvk ¨ wqqk`n “ 0

Therefore (2.38) equals zero mod Jℏ. This proves that (2.35) holds mod Jℏ.

Recall (1.3) for the meaning of Y˘puqpkq and Y 1
˘puqpkq.

Corollary 2.11. For each u P V, k P Z, 0 ď l ď L, the following equation holds in nFpWqtqu.
ÿ

nPC
Y`puqpkqψn,lq

n “
ÿ

nPC
Y 1

´puqpkqψn,lq
n`k (2.39)

In particular, we have Y`puqpkqψn,l “ Y 1
´puqpkqψn´k,l and L`pkqψn,l “ L´p´kqψn´k,l.

Proof. Recall that Upγzqz
Lp0q “ z´Lp0qUpγ1q. Setting z “ ϖ´1 and using the identity

Resϖ“0gpϖqdϖ “ ´Resz“0gpz´1qdpz´1q for any formal Laurent series gpϖq, we find that
(2.35) becomes

Resξ“0

ÿ

nPC
fpξ, q{ξqY`pξLp0q´1u, ξqψn,lq

ndξ

“Resz“0

ÿ

nPC
fpqz, z´1qY 1

´pzLp0q´1u, zqψn,lq
ndz

(2.40)

When k ě 0 (resp. k ă 0), we choose fpξ,ϖq “ ξk (resp. ϖ´k). Then (2.40) becomes
ÿ

nPC
Y`puqpkqψn,lq

n “
ÿ

nPC
Y 1

´puqpkqψn,lq
n`k

resp.
ÿ

nPC
Y`puqpkqψn,lq

n´k “
ÿ

nPC
Y 1

´puqpkqψn,lq
n

So (2.39) is true. The rest of our corollary is obvious.
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Proposition 2.12. For each 0 ď l ď L, the following relations hold in nFpWqtqurlog qs.

qBqψ “

L
ÿ

l“0

ÿ

nPC
L`p0qψn,lq

nplog qql “

L
ÿ

l“0

ÿ

nPC
L´p0qψn,lq

nplog qql (2.41)

In other words, we have qBqψ “ L`p0qψ “ L´p0qψ.

Proof. The second equality of (2.41) follows from Cor. 2.11. Choose any w P W. By Prop.
2.6, for each n P C, 0 ď l ď L,m P N, we have in T

rX
pn

rX
pWq b Wq that

νpryK
mqψn,l b w `ψn,l b νpryK

mqw “ #pryK
mq ¨ψn,l b w

Applying the canonical conformal block ג : W b nFpWq Ñ C (i.e., the evaluation pairing)
to the above equation yields

xνpryK
mqψn,l, wy ` xψn,l,νpryK

mqwy “ #pryK
mq ¨ψn,lpwq

Hence, by (2.27), we have in Crrqss that
ÿ

mPN
xνpryK

mqψn,l, wyqm `
ÿ

mPN
xψn,l,νpryK

mqwyqm “ κxψn,l, wy

It follows that in Ctqurlog qs we have
ÿ

mPN
xνpryK

mqψ, wyqm `
ÿ

mPN
xψ,νpryK

mqwyqm “ κxψ, wy (2.42)

On the other hand, by (2.30) and (2.28), we have in Op pDˆ
rρq that

qBqxψ, wy “ xψ,∇qBqw ` κwy

Applying (2.25) and using an argument similar to that in the proof of Lem. 2.8 to tran-
sition from the sheaf-theoretic equation to the formal equation, we obtain the following
equation in Ctqurlog qs.

qBqxψ, wy “ ´
ÿ

mPN
xψ,νpryK

mqwyqm ` κxψ, wy

Combining this equation with (2.42), we get qBqxψ, wy “
ř

mPNxνpryK
mqψ, wyqm. Therefore

qBqψ “
ÿ

mPN
νpryK

mqψ ¨ qm “
ÿ

mPN
νpryK

mq`ψ ¨ qm `
ÿ

mPN
νpryK

mq´ψ ¨ qm (2.43)

holds in nFpWqtqurlog qs, where νpryK
mq`ψ “ νpryK

mq ˚1 ψ and νpryK
mq´ψ “ νpryK

mq ˚2 ψ, cf.
(1.33) for the meaning of i-th residue action ˚i.

Let us compute the RHS of (2.43) using an argument similar to that in the proof of
[Gui24, Lem. 11.8]. Due to (2.24), we have

νpryK
mq`ψ “

ÿ

tě´m

Resξ“0 at`m,mξ
t`1Y`pc, ξqψdξ
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where the RHS is a finite sum. Hence, in nFpWqtqurlog qs we have
ÿ

mPN
νpryK

mq`ψ ¨ qm “
ÿ

mPN

ÿ

tě´m

Resξ“0 at`m,mξ
t`1qmY`pc, ξqψdξ

“Resξ“0 apξ, q{ξqY`pξL0c, ξqψ
dξ

ξ

(2.44)

Similarly, noting Upγ1qc “ c, we have

ÿ

mPN
νpryK

mq´ψ ¨ qm “ Resϖ“0 bpq{ϖ,ϖqY´pϖLp0qUpγ1qc, ϖqψ
dϖ

ϖ

By Prop. 2.10, we have

ÿ

mPN
νpryK

mq´ψ ¨ qm “ Resξ“0 bpξ, q{ξqY`pξL0c, ξqψ
dξ

ξ
(2.45)

Combining (2.43), (2.44), (2.45) with the fact that a` b “ 1 (cf. (2.17)), we obtain

qBqψ “ Resξ“0 Y`pξL0c, ξqψ
dξ

ξ
“ L`p0qψ

This finishes the proof.

Corollary 2.13. Let L˘p0q “ L˘p0qs `L˘p0qn be the Jordan-Chevalley decomposition of L˘p0q

where L˘p0qs is the semisimple part and L˘p0qn is the nilpotent part. Then for each n P C and
0 ď l ď L we have

L`p0qsψn,l “ L´p0qsψn,l “ nψn,l (2.46a)
L`p0qnψn,l “ L´p0qnψn,l “ pl ` 1qψn,l`1 (2.46b)

(where ψn,l “ 0 if l ą L.) In particular, we have ψn,l P nFpWqrn,ns for all n P C, 0 ď l ď L.

Proof. For each n P C, let Gn Ă nFpWq be the generalized eigenspace of L`p0q with
eigenvalue n. Then L`p0qs|Gn “ n. By (2.41), for each n, l we have

pL˘p0q ´ nqψn,l “ pl ` 1qψn,l`1 (2.47)

Therefore, Hn :“ Spantψn,0, . . . ,ψn,Lu is invariant under L`p0q, and pL`p0q ´ nq|Hn is
nilpotent. Thus Hn Ă Gn. Therefore, we have L`p0qs|Hn “ n, and hence L`p0qn|Hn “

pL`p0q ´ nq|Hn . Similarly, we have L´p0qs|Hn “ n and L´p0qn|Hn “ pL´p0q ´ nq|Hn .
Combining these results with (2.47), we get (2.46).

2.5 Proof of the SF Theorem 2.2

In this section, we prove Thm. 2.2, which means proving that the linear map Γ :“ (2.9)
is bijective.
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2.5.1 Proof that Γ is surjective

Let p0 “ p1p2 with arg p0 “ arg p1 ` arg p2. Recall the equivalence Xp0 » SpF\Nqp1,p2
(cf. (2.6)). Let ψp0 be an element of T ˚

SpF\Nqp1,p2
pWq, equivalently, an element of T ˚

Xp0
pWq.

Let ψ P H0p pDˆ
rρ,T

˚
X pWqq satisfy (2.30). Recall from Lem. 2.9 that each ψn,l is an element

of nFpWq. In particular, it is a linear functional ψn,l : bFpWq Ñ C. Thus, we can define a
linear functional

χ : bFpWq Ñ C xχ,wy “
ÿ

nPC
xψn,0,wy (2.48)

Note that the above sum is finite because L`p0qsψn,0 “ nψn,0 (cf. Cor. 2.13) and w is a
finite sum of eigenvectors of L`p0qs. We write χ “

ř

nPCψn,0.
By Cor. 2.11 and (1.4), for each w P bFpWq, u P V, k P Z, we have

xχ, Y 1
`puqpkqwy “

ÿ

nPC
xψn,0, Y

1
`puqpkqwy “

ÿ

nPC
xY`puqpkqψn,0,wy

“
ÿ

nPC
xY 1

´puqpkqψn,0,wy “
ÿ

nPC
xψn,0, Y´puqpkqwy “ xχ, Y´puqpkqwy

Therefore, by Rem. 2.1, we have χ P T ˚
N pbFpWqq.

Let us prove Γpχq “ ψp0 . By Cor. 2.13, we have

q
L`p0q

1 q
L´p0q

2 ψn,0 “ pq1q2qL`p0qψn,0 “ pq1q2qL`p0qs`L`p0qnψn,0

“pq1q2qn ¨
ÿ

lPN

1

l!
pL`p0qn logpq1q2qqlψn,0 “

L
ÿ

l“0

pq1q2qnplogpq1q2qqlψn,l

in nFpWqrn,nstq‚urlog q‚s. Combining this result with (2.7b), we get

xSpג b χq, wy
(2.48)

ùùùùù
ÿ

λ1,λ2PC

ÿ

αPAλ‚

ÿ

nPC
‚pqeλג

pαq b wq ¨
@

q
L`p0q

1 q
L´p0q

2 ψn,0, eλ‚
pαq

D

“
ÿ

nPC

L
ÿ

l“0

ÿ

αPAn,n

pq1q2qnplogpq1q2qql ¨ pqen,npαqג b wq ¨ xψn,l, en,npαqy

“
ÿ

nPC

L
ÿ

l“0

pq1q2qnplogpq1q2qql ¨ pψn,lג b wq

where the last equation is due to the easy fact that θ “
ř

αPAn,n
xθ, en,npαqy ¨qen,npαq for any

θ P nFpWqn,n. Recall again that ג : nFpWq b W Ñ C is the restriction of the evaluation
pairing W˚ b W Ñ C. Therefore

xSpג b χq, wy “
ÿ

nPC

L
ÿ

l“0

pq1q2qnplogpq1q2qqlxψn,l, wy “ xψ, wy
ˇ

ˇ

q“q1q2

We conclude that Spג b χq “ ψ|q“q1q2 , and hence Spג b χq|p1,p2 “ ψ|p0 “ ψp0 . This proves
that Γpχq “ ψp0 .
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2.5.2 Proof that Γ is injective

For each χ P T ˚
N pbFpWqq, recall that Spג b χq can be viewed as a section of the vector

bundle T ˚
SpF\Nq

pWq on Dˆ
r ˆDˆ

ρ , cf. (2.8). By [GZ25a, Thm. 4.11], there exists a connection
on T ˚

SpF\Nq
pWq|Dˆ

r ˆDˆ
ρ

such that for any χ P T ˚
N pbFpWqq, the section Spג b χq is parallel

under this connection.
Recall that parallel sections are determined by their values at a given point. Therefore,

if we assume that Γpχq “ 0 (which means Spג b χq|p1,p2 “ 0), then Spג b χq is the zero
section. Applying Prop. 1.2 first to the variable q1 (for each fixed q2 P Dˆ

ρ and arg q2) and
then to the variable q2, we conclude that for each w P W and λ1, λ2 P C and l1, l2 P N, the
coefficient of qλ11 qλ22 plog q1ql1plog q2ql2 in (2.7b) is zero. When l1 “ l2 “ 0, this means that

ÿ

αPAλ‚

‚pqeλג
pαq b wq ¨ xχ, eλ‚

pαqy “ 0

Since χ is a linear functional bFpWq Ñ C, we can define its restriction χλ‚
: bFpWqrλ‚s Ñ

C. Then χλ‚
is an element of nFpWqrλ‚s, and we clearly have

χλ‚
“

ÿ

αPAλ‚

xχ, eλ‚
pαqy ¨ qeλ‚

pαq

It follows that ‚pχλג
b wq “ 0 for all w P W. Since ג is partially injective (cf. Rem. 1.18),

we must have χλ‚
“ 0 for all λ‚. Hence χ “ 0. This finishes the proof that Γ is injective.

3 The general sewing-factorization theorems

3.1 The SF theorems for compact Riemann surfaces

The goal of this section is to prove Thm. 3.4 and 3.5, two nearly equivalent versions
of the sewing-factorization theorem.

3.1.1 The setting

Let N,K,R P N. In this section, we let

F “
`

x1
1, . . . , x

1
R; θ

1
1, . . . , θ

1
R

ˇ

ˇC1

ˇ

ˇx1, . . . , xN ; θ1, . . . , θN
˘

G “
`

y1
1, . . . , y

1
R;µ

1
1, . . . , µ

1
R

ˇ

ˇC2

ˇ

ˇy1, . . . , yK ;µ1, . . . , µK
˘

be respectively pR,Nq-pointed and pR,Kq-pointed compact Riemann surfaces with local
coordinates, cf. Def. 1.16. Recall that F\G is the disjoint union of F,G, cf. (1.55). For each
1 ď j ď R, let V 1

j (resp. V 2
j ) be a neighborhood on which θ1

j (resp. µ1
j) is defined. Assume

that V 1
1 , . . . , V

1
R, x1, . . . , xN are mutually disjoint, and V 2

1 , . . . , V
2
R, y1, . . . , yK are mutually

disjoint. We also assume that for each j there exist rj , ρj P p0,`8s such that

θ1
jpV

1
j q “ Drj µ1

jpV
2
j q “ Dρj (3.1)
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Definition 3.1. Let SpF \ Gq be the sewing of F \ G along the pairs of points px1
j , y

1
jq (for

all 1 ď j ď R) with sewing radii prj , ρjq using the local coordinates pθ1
j , µ

1
jq. Cf. Subsec.

1.2.1. Then SpF \ Gq has base manifold Dr‚ρ‚ “ Dr1ρ1 ˆ ¨ ¨ ¨ ˆ DrRρR , and the fibers over
Dˆ
r‚ρ‚

“ Dˆ
r1ρ1 ˆ ¨ ¨ ¨ ˆ Dˆ

rRρR
are smooth. Recall that the marked points x‚, y‚ and their

local coordinates θ‚, µ‚ are extended constantly to SpF \ Gq, and we continue to denote
them by the same symbol. So we can write

SpF \ Gq “
`

π : C Ñ Dr‚ρ‚

ˇ

ˇx1, . . . , xN , y1, . . . , yK ; θ1, . . . , θN , µ1, . . . , µK
˘

(3.2)

We still let qj be the standard coordinate of Drjρj . Then q‚ “ pq1, . . . , qRq is a set of coor-
dinates of Dr‚ρ‚ .

We assume that each component of C1 contains one of x1, . . . , xN (so that (dual)
fusion products along F can be defined), and each component of C2 contains one of
y1, . . . , yK , y

1
1, . . . , y

1
R (so that conformal blocks associated to G can be defined).

Associate W P ModpVbN q to the ordered incoming marked points x1, . . . , xN of F.
Similarly, associate X P ModpVbKq to y1, . . . , yK . Associate M P ModpVbRq to x1

1, . . . , x
1
R,

and associate its contragredient M1 to y1
1, . . . , y

1
R.

We view M b W as associated to x1
‚, x‚, and M1 b X as associated to y1

‚, y‚. Associate
W b X to the ordered marked points x1, . . . , xN , y1, . . . , yK of SpF \ Gq. Let

ϕ P T ˚
F pM b Wq χ P T ˚

G pM1 b Xq

Definition 3.2. The sewing of ϕ and χ is defined by contracting the M-component of ϕ
with the M1-component of χ. More precisely,

Spϕb χq : W b X Ñ Ctq‚urlog q‚s

@

Spϕb χq, w b ÿ
D

“
ÿ

λ‚PCR

ÿ

αPAλ‚

@

ϕ, q
L‚p0q
‚ eλ‚

pαq b w
D

¨
@

χ, qeλ‚
pαq b ÿ

D (3.3)

(where w P W, ÿ P X). Here, peλ‚
pαqqαPAλ‚

is a basis of Mrλ‚s with dual basis pqeλ‚
pαqqαPAλ‚

in M1
rλ‚s

, and

q
L‚p0q
‚ “ q

L1p0q

1 ¨ ¨ ¨ q
LRp0q

R (3.4)

See [GZ25a, Sec. 4.1] for more explanations. Clearly we also have
@

Spϕb χq, w b ÿ
D

“
ÿ

λ‚PCR

ÿ

αPAλ‚

@

ϕ, eλ‚
pαq b w

D

¨
@

χ, q
L‚p0q
‚ qeλ‚

pαq b ÿ
D

(3.5)

Remark 3.3. By [GZ25a, Thm. 4.9], the formal series Spϕ b χq converges a.l.u. on Dˆ
r‚ρ‚

in the sense of Def. 1.1, and

Spϕb χq
ˇ

ˇ

Dˆ
r‚ρ‚

P H0
`

pDˆ
r‚ρ‚

,T ˚
SpF\GqpW b Xq

˘

(3.6)

where pDˆ
r‚ρ‚

is the universal cover of Dˆ
r‚ρ‚

. By [GZ25a, Rem. 3.1], (3.6) is equivalent to
that for each p‚ “ pp1, . . . , pRq P Dˆ

r‚ρ‚
with fixed arg p1, . . . , arg pR, we have

Spϕb χq
ˇ

ˇ

p‚
P T ˚

SpF\Gqp‚
pW b Xq
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3.1.2 The sewing-factorization theorems

Let pnFpWq, qג be a dual fusion product of W along F. If each component of C2 con-
tains one of y‚, we have a dual fusion product pnGpXq,ℸq of X along G. So

ג : nFpWq b W Ñ C ℸ : nGpXq b X Ñ C

are the canonical conformal blocks.

Theorem 3.4. Assume that each component of C1 contains one of x1, . . . , xN , and each compo-
nent of C2 contains one of y1, . . . , yK . Let p‚ P Dˆ

r‚ρ‚
with fixed arg p1, . . . , arg pR. Then the

following linear map is an isomorphism.

HomVbR

`

bG pXq,nFpWq
˘ »

ÝÝÑ T ˚
SpF\Gqp‚

pW b Xq

T ÞÑ S
`

pג ˝ pT b idWqq b ℸ
˘
ˇ

ˇ

p‚

(3.7)

Following Def. 3.2, the sewing in (3.7) is defined by contracting the bGpXq-component
of ג ˝ pT b idWq : bGpXq b W Ñ C with the nGpXq-component of ℸ. Moreover, note that
by taking transpose, (3.7) becomes an isomorphism

HomVbR

`

bF pWq,nGpXq
˘ »

ÝÝÑ T ˚
SpF\Gqp‚

pW b Xq

T ÞÑ S
`

ג b pℸ ˝ pT b idXqq
˘
ˇ

ˇ

p‚

(3.8)

where the sewing is defined by contracting the nFpWq-component of ג with the bFpWq-
component of ℸ ˝ pT b idXq : bFpWq b X Ñ C.

Proof. Step 1. Recall (2.3) for the p2, 0q-pointed surface N “
`

8, 0; 1{ζ, ζ
ˇ

ˇP1
˘

. Let ω P

T ˚
N pnQpVqq be defined by (2.11), where Q “

`

8, 0; 1{ζ, ζ
ˇ

ˇP1
ˇ

ˇ1; ζ´1
˘

. The goal of this step
is to construct the linear isomorphism (3.9) by applying the sewing-factorization Cor. 2.4
iteratively R times.

For each 1 ď ℓ ď R, choose p`
ℓ P Dˆ

rℓ
and p´

ℓ P Dˆ
ρℓ

such that pℓ “ p`
ℓ p

´
ℓ . Let Zℓ

be the family obtained by sewing F \ G along px1
1, y

1
1q, . . . , px1

ℓ, y
1
ℓq with sewing radii

pr1, ρ1q, . . . , prℓ, ρℓq. In particular, we have Z0 “ F \ G and ZR “ SpF \ Gq. The base
manifold of Zℓ is Dr1ρ1 ˆ ¨ ¨ ¨ ˆ Drℓρℓ . Note that the fiber Zℓp1,...,pℓ has marked points

x1
ℓ`1, y

1
ℓ`1, . . . , x

1
R, y

1
R, x1, . . . , xN , y1, . . . , yK

Assuming this order, we associate pbQpVqqbpR´ℓq b W b X to these marked points.
For each 0 ď ℓ ă R, consider the sewing

SpZℓp1,...,pℓ \ Nq

of Zℓp1,...,pℓ \ N along the pairs of points px1
ℓ`1,8q and py1

ℓ`1, 0q with sewing radii rℓ`1, 1
and ρℓ`1, 1. This family has base manifold Drℓ`1ρℓ`1

. Cor. 2.4 yields an isomorphism

T ˚
Zℓ
p1,...,pℓ

`

bQ pVqbpR´ℓq b W b X
˘

Ñ T ˚
SpZℓ

p1,...,pℓ
\Nq

p`
ℓ`1

,p´
ℓ`1

`

bQ pVqbpR´ℓ´1q b W b X
˘
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ψ ÞÑ Spψbωq
ˇ

ˇ

p`
ℓ`1,p

´
ℓ`1

where the sewing is defined by contracting the first tensor component bQpVq of ψ with
ω : nQpVq Ñ C. By (2.6), we have a canonical isomorphism Zℓ`1

p1,...,pℓ`1
» SpZℓp1,...,pℓ \

Nqp`
ℓ`1,p

´
ℓ`1

. Thus, the above linear isomorphism becomes

T ˚
Zℓ
p1,...,pℓ

`

bQ pVqbpR´ℓq b W b X
˘

ÝÑ T ˚

Zℓ`1
p1,...,pℓ`1

`

bQ pVqbpR´ℓ´1q b W b X
˘

ψ ÞÑ Spψbωq
ˇ

ˇ

p`
ℓ`1,p

´
ℓ`1

Therefore, by induction on ℓ, we have a linear isomorphism

T ˚
F\G

`

bQ pVqbR b W b X
˘

ÝÑ T ˚
SpF\Gqp‚

`

W b X
˘

ψ ÞÑ SpψbωbRq
ˇ

ˇ

p`
1 ,p

´
1 ,...,p

`
R,p

´
R

” SpψbωbRq
ˇ

ˇ

p˘
‚

(3.9)

where Spψ b ωbRq is defined by contracting the component bQpVqbR of ψ with
ωbR : nQpVqbR Ñ C.

Step 2. The goal of this step is to obtain the isomorphism (3.11). By Thm. 1.24 and the
universal property for dual fusion products, we have an isomorphism

HomVbp2Rq

`

bQ pVqbR,nFpWq b nGpXq
˘

ÝÑ T ˚
F\G

`

bQ pVqbR b W b X
˘

A ÞÑ pג b ℸq ˝ pAb idW b idXq
(3.10)

Here, by reordering the tensor components in the domain, we view ג b ℸ as a linear
functional

ג b ℸ : nFpWq b nGpXq b W b X Ñ C

Moreover, A is understood to be a linear map bQpVqbR Ñ nFpWq b nGpXq satisfying

A
`

v1 b ¨ ¨ ¨ b Y`pu, zqvj b ¨ ¨ ¨ b vR
˘

“
`

Yjpu, zq b idnGpXq

˘

A
`

v1 b ¨ ¨ ¨ b vR
˘

A
`

v1 b ¨ ¨ ¨ b Y´pu, zqvj b ¨ ¨ ¨ b vR
˘

“
`

idnFpWq b Yjpu, zq
˘

A
`

v1 b ¨ ¨ ¨ b vR
˘

for all v1, . . . , vR P bQpVq and u P V.
Combining (3.10) with (3.9), we obtain a linear isomorphism

HomVbp2Rq

`

bQ pVqbR,nFpWq b nGpXq
˘

ÝÑ T ˚
SpF\Gqp‚

`

W b X
˘

A ÞÑ S
`

ppג b ℸq ˝ pAb idW b idXqq bωbR
˘ˇ

ˇ

p˘
‚

“ S
`

pג b ℸq b pωbR ˝Atq
˘ˇ

ˇ

p˘
‚

and hence a linear isomorphism

HomVbp2Rq

`

bF pWq b bGpXq,nQpVqbR
˘

ÝÑ T ˚
SpF\Gqp‚

`

W b X
˘

B ÞÑ S
`

pג b ℸq b pωbR ˝Bq
˘ˇ

ˇ

p˘
‚

(3.11)

where the sewing is defined by contracting the component nFpWq b nGpXq of ג b ℸ with
ωbR ˝B : bFpWq b bGpXq Ñ C.
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Step 3. Let NR “ N1 \ ¨ ¨ ¨ \ NR be the disjoint union of R pieces of N, where Nj » N
is written as

Nj “
`

8j , 0j ; 1{ζ, ζ|P1
j

˘

Note thatωbR : nQpVqbR Ñ C is a conformal block associated to NR. (Here, we associate
nQpVqbR to the ordered marked points 81

1, 0
1
1, . . . ,8

1
R, 0

1
R.) Then we have a linear map

HomVbp2Rq

`

bF pWq b bGpXq,nQpVqbR
˘

ÝÑ T ˚
NR

`

bF pWq b bGpXq
˘

B ÞÑ ωbR ˝B
(3.12)

where bFpWq b bGpXq is associated to the ordered marked points 81
1, . . . ,8

1
R, 0

1
1, . . . , 0

1
R

of NR.
We claim that (3.12) is an isomorphism. Suppose this is true. Then, combining (3.12)

with (3.11), we get a linear isomorphism

T ˚
NRpbFpWq b bGpXqq ÝÑ T ˚

SpF\Gqp‚

`

W b X
˘

τ ÞÑ S
`

ג b ℸ b τ
˘ˇ

ˇ

p˘
‚

(3.13)

By Rem. 2.1, an element of T ˚
NRpbFpWq b bGpXqq is precisely a linear functional τ :

bFpWq b bGpXq Ñ C such that τpY 1
j pu, zqw b zq “ τpw b Yjpu, zqzq holds in Crrz˘1ss for

all 1 ď j ď R, equivalently, a linear map τ7 : bGpXq Ñ nFpWq satisfying τ7 ˝ Yjpuqn “

Yjpuqn ˝ τ7 for all u P V, j and n P Z. In particular, rLjp0q, τ7s “ 0.
Choose any λ‚, λ

1
‚ P CN . Since Ljp0q ´λj is nilpotent on bGpXqrλ‚s, there exists a P Z`

such that pLjp0q ´ λjq
a bG pXqrλ‚s “ 0. Since Ljp0q preserves each generalized eigenspace

of Lp0q, we have rLjp0q, Pλ‚
s “ rLjp0q, Pλ1

‚
s “ 0. Therefore pLjp0q ´ λjq

aPλ1
‚
τ7Pλ‚

“

Pλ1
‚
τ7Pλ‚

pLjp0q ´ λjq
a “ 0. Thus Pλ1

‚
τ7Pλ‚

has range in nFpWqrλ‚s. This proves that τ7

sends bGpXqrλ‚s into nFpWqrλ‚s. In particular, τ 7 has range in nFpWq.
Therefore, we have a linear isomorphism

HomVbRpbGpXq,nFpWqq ÝÑ T ˚
NRpbFpWq b bGpXqq

T ÞÑ

´

w b z ÞÑ xw, T zy
¯ (3.14)

The composition of (3.13) with (3.14) yields the isomorphism (3.7), thereby completing
the proof.

Step 4. It remains to prove that (3.12) is an isomorphism. Let QR “ Q1 \ ¨ ¨ ¨ \ QR be
a disjoint union of Q, where Qj » Q is

Qj “
`

8j , 0j ; 1{ζ, ζ
ˇ

ˇP1
j

ˇ

ˇ1j , ζ ´ 1
˘

Recall that pnQpVq,ℵq is a dual fusion product of V along Q. By Thm. 1.24,
pnQpVqbR,ℵbRq is a dual fusion product of VbR along QR. In particular,

ℵbR : nQpVqbR b VbR Ñ C
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is the canonical conformal block, where nQpVqbRbVbR is associated to the marked points
of QR in the order 81, 01, . . . ,8R, 0R, 11, . . . , 1R. Therefore, by the universal property,

HomVbp2Rq

`

bF pWq b bGpXq,nQpVqbR
˘

ÝÑ T ˚
QR

`

bF pWq b bGpXq b VbR
˘

B ÞÑ ℵbR ˝ pB b idVbRq
(3.15)

is a linear isomorphism, where bFpWq b bGpXq bVbR is associated to the marked points
of QR in the order 81, . . . ,8R, 01, . . . , 0R, 11, . . . , 1R.

The propagation of conformal blocks (cf. [GZ23, Cor. 2.44]) gives an isomorphism

T ˚
QR

`

bF pWq b bGpXq b VbR
˘

ÝÑ T ˚
NR

`

bF pWq b bGpXq
˘

= ÞÑ =p´ b 1bRq
(3.16)

where we note that 1bR P VbR. Since ωbR equals ℵbRp´ b 1bRq (cf. (2.11)), the compo-
sition of (3.16) with (3.15) equals (3.12). Therefore (3.12) is an isomorphism.

Note that the assumption on the marked points of C2 in the following sewing-
factorization theorem is weaker than that in Thm. 3.4.

Theorem 3.5. Assume that each component of C1 contains one of x1, . . . , xN , and each compo-
nent of C2 contains one of y1, . . . , yK , y1

1, . . . , y
1
R. Let p‚ P Dˆ

r‚ρ‚
with fixed arg p1, . . . , arg pR.

Then the following linear map is an isomorphism.

T ˚
G

`

bF pWq b X
˘ »

ÝÝÑ T ˚
SpF\Gqp‚

`

W b X
˘

χ ÞÑ Spג b χq
ˇ

ˇ

p‚

(3.17)

The sewing in (3.17) is defined by contracting the nFpWq-component of ג : nFpWq b

W Ñ C with the bFpWq-component of χ : bFpWq b X Ñ C.

Proof. Since we are not assuming that each component of C2 contains one of the incoming
marked points y‚, we may not be able to define the dual fusion product nGpXq. However,
we can remedy this by adding additional incoming marked points yK`1, . . . , yK`L (with
local coordinates µK`1, . . . , µK`L) to G. More precisely, let

pG “
`

y1
1, . . . , y

1
R;µ

1
1, . . . , µ

1
R

ˇ

ˇC2

ˇ

ˇy1, . . . , yK`L;µ1, . . . , µK`L

˘

where y1, . . . , yK`L P C2 are mutually disjoint, and each component of C2 contains one
of y1, . . . , yK`L. Associate X b VbL to the ordered marked points y1, . . . , yK`L. Then
we have a dual fusion product pn

pG
pX b VbLq,צq where n

pG
pX b VbLq P ModpVbRq is

associated to the ordered marked points y1
1, . . . , y

1
R, and

צ : n
pG

pX b VbLq b X b VbL Ñ C

is the canonical conformal block.
By Thm. 3.4 (more precisely, by Eq. (3.8)), we have an isomorphism

HomVbR

`

bF pWq,n
pG

pX b VbLq
˘

ÝÑ T ˚

SpF\pGqp‚

pW b X b VbLq

T ÞÑ S
`

ג b pצ ˝ pT b idX b idVbLqq
˘ˇ

ˇ

p‚
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where the sewing is defined by contracting the nFpWq-component of ג with the bFpWq-
component of צ ˝ pT b idX b idVbLq. The universal property of pn

pG
pX b VbLq,צq yields

the isomorphism

HomVbR

`

bF pWq,n
pG

pX b VbLq
˘

ÝÑ T ˚
pG

`

bF pWq b X b VbL
˘

T ÞÑ צ ˝ pT b idX b idVbLq

Therefore, we obtain the isomorphism

T ˚
pG

`

bF pWq b X b VbL
˘

ÝÑ T ˚

SpF\pGqp‚

pW b X b VbLq

ψ ÞÑ Spג bψq
ˇ

ˇ

p‚

(3.18)

The propagation of conformal blocks (cf. [GZ23, Cor. 2.44]) gives isomorphisms

T ˚
pG

`

bF pWq b X b VbL
˘

» T ˚
G

`

bF pWq b X
˘

T ˚

SpF\pGqp‚

pW b X b VbLq » T ˚
SpF\Gqp‚

pW b Xq

defined by inserting 1bL into the VbL-components of the conformal blocks. With the
help of these two isomorphisms, the map (3.18) becomes (3.17). Therefore (3.17) is an
isomorphism.

3.2 The coend version of the SF theorem

In this section, we continue to assume the setting in Subsec. 3.1.1. Moreover, as
in Thm. 3.5, we assume that each component of C1 contains one of x1, . . . , xN , and
each component of C2 contains one of y1, . . . , yK , y1

1, . . . , y
1
R. Let p‚ P Dˆ

r‚ρ‚
with fixed

arg p1, . . . , arg pR.
We refer the reader to Sec. 0.2 or [SF12, Sec. 2] for the definition of coends. Let Vect

be the category of finite-dimensional C-linear spaces.

Lemma 3.6. The family of linear maps

HomVbR

`

M,nFpWq
˘

bC T ˚
G

`

M1 b X
˘

ÝÑ T ˚
G

`

bF pWq b X
˘

T b χ ÞÑ χ ˝ pT t b idXq
(3.19)

for M P ModpVbRq is a coend in Vect.

In other words, (3.19) realizes a linear isomorphism

ż MPModpVbRq

HomVbR

`

M,nFpWq
˘

bC T ˚
G

`

M1 b X
˘

» T ˚
G

`

bF pWq b X
˘

Note that the linear functional χ : M1 bX Ñ C in (3.19) is a conformal block, where M1 bX
is associated to the ordered marked points y1

1, . . . , y
1
R, y1, . . . , yK of G.
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Proof. The map (3.19) is clearly dinatural. By [FS17, Prop. 4], if D is a C-linear category,
and if G : D Ñ Vect is a C-linear functor, then for any b P D , the family of linear maps

HomDpd, bq bC Gpdq Ñ Gpbq T b ξ ÞÑ GpT qξ

for d P D is a coend. Apply this result to D “ ModpVbRq, b “ nFpWq, and

G : ModpVbRq Ñ Vect M ÞÑ T ˚
G

`

M1 b X
˘

Then the proof is complete.

The following theorem is the coend version of the sewing-factorization theorem. In
the case where F, G, and SpF \ Gq|p‚ are all genus 0 surfaces, a similar theorem was
obtained in [Mor22].

Theorem 3.7. The family of linear maps

T ˚
F

`

M b W
˘

bC T ˚
G

`

M1 b X
˘

ÝÑ T ˚
SpF\Gqp‚

`

W b X
˘

ψb χ ÞÑ Spψb χq
ˇ

ˇ

p‚

(3.20)

for M P ModpVbRq is a coend in Vect.

In other words, the sewing map realizes a linear isomorphism

ż MPModpVbRq

T ˚
F

`

M b W
˘

bC T ˚
G

`

M1 b X
˘

» T ˚
SpF\Gqp‚

`

W b X
˘

(3.21)

Proof. By the universal property for dual fusion products, the linear map

HomVbR

`

M,nFpWq
˘

Ñ T ˚
F

`

M b W
˘

T ÞÑ ג ˝ pT b idWq

implements a natural equivalence between the contravariant functors M P ModpVbRq ÞÑ

HomVbRpM,nFpWqq and M P ModpVbRq ÞÑ T ˚
F

`

M b W
˘

. Combining this fact with Lem.
3.6, we see that the family of linear maps

T ˚
F

`

M b W
˘

bC T ˚
G

`

M1 b X
˘

Ñ T ˚
G

`

bF pWq b X
˘

ψb χ ÞÑ χ ˝ pT t
ψ b idXq

(3.22)

for M P ModpVbRq is a coend, where Tψ : M Ñ nFpWq is the unique homomorphism
such that ג ˝ pTψ b idWq “ ψ.

By the sewing-factorization Thm. 3.5, the linear map (3.17) is an isomorphism. Hence
(3.17) ˝ (3.22) is also a coend. We compute that (3.17) ˝ (3.22) sends ψb χ to

S
`

ג b pχ ˝ pT t
ψ b idXqq

˘ˇ

ˇ

p‚
“ S

`

pג ˝ pTψ b idWqq b χ
˘ˇ

ˇ

p‚
“ Spψb χq

ˇ

ˇ

p‚

Therefore, (3.20) is a coend.

55



3.3 The SF theorems for families of compact Riemann surfaces

3.3.1 The setting

In this section, we generalize the sewing-factorization theorems 3.4 and 3.5 to families
of compact Riemann surfaces. Let R,N,K P N. Let

F “
`

x1
1, . . . , x

1
R; θ

1
1, . . . , θ

1
R

ˇ

ˇ

rπ1 : rC1 Ñ rB
ˇ

ˇx1, . . . , xN ; θ1, . . . , θN
˘

G “
`

y1
1, . . . , y

1
R;µ

1
1, . . . , µ

1
R

ˇ

ˇ

rπ2 : rC2 Ñ rB
ˇ

ˇy1, . . . , yK ;µ1, . . . , µK
˘

be pR,Nq-pointed and pR,Kq-pointed families of compact Riemann surfaces with com-
mon base manifold rB. Therefore, rC1, rB are complex manifolds, and rπ1 is a proper holo-
morphic submersion such that for each b P rB, the fiber rπ´1

1 pbq has pure dimension 1. Each
xi : rB Ñ rC1 is a holomorphic section, i.e., a holomorphic map such that rπ1 ˝ xi “ id

rB.
Moreover, θi is a local coordinate at xip rBq, i.e., a holomorphic map θi : rUi Ñ C (where rUi
is an open set containing xip rBq) which is univalent on rUi,b “ rUi X rπ´1

1 pbq for each b P rB,
and which maps xip rBq to 0. Similarly, each x1

j is a holomorphic section, and θ1
j is a lo-

cal coordinate at x1
jp
rBq. We assume that x1p rBq, . . . , xN p rBq, x1

1p rBq, . . . , x1
Rp rBq are mutually

disjoint. A similar description applies to G.
For each 1 ď j ď R, let V 1

j be a neighborhood of x1
jp
rBq on which θ1

j is defined (and
univalent), and let V 2

j be a neighborhood of x2
j p
rBq on which θ2

j is defined. We assume that

x1p rBq, . . . , xN p rBq, V 1
1 , . . . , V

1
R are mutually disjoint

y1p rBq, . . . , yKp rBq, V 2
1 , . . . , V

2
R are mutually disjoint

We also assume that there are 0 ă r1, . . . , rR, ρ1, . . . , ρR ď `8 such that

prπ1, θ
1
jqpV 1

j q “ rB ˆ Drj prπ2, µ
1
jqpV 2

j q “ rB ˆ Dρj (3.23)

Definition 3.8. Let SpF \ Gq be the family obtained by sewing F \ G along the pairs
of marked points px1

j , y
1
jq (for all 1 ď j ď R) with sewing radii prj , ρjq using their local

coordinates θ1
j , µ

1
j . The sections xi, yj and the local coordinates θi, µj of F,G are extended

constantly to those of SpF \ Gq, and we continue to denote them by the same symbols.
See [GZ25a, Subsec. 1.2.1] for the detailed construction. Let

B “ rB ˆ Dr‚ρ‚ “ rB ˆ Dr1ρ1 ˆ ¨ ¨ ¨ ˆ DrRρR

Bˆ “ rB ˆ Dˆ
r‚ρ‚

“ rB ˆ Dˆ
r1ρ1 ˆ ¨ ¨ ¨ ˆ Dˆ

rRρR

(3.24)

Then SpF \ Gq has base manifold B and has smooth fibers over Bˆ. We write

SpF \ Gq “
`

π : C Ñ B
ˇ

ˇx1, . . . , xN , y1, . . . , yK ; θ1, . . . , θN , µ1, . . . , µK
˘

(3.25)

As in Subsec. 3.1.1, we let qj be the standard coordinate of Drjρj .

We assume that each component of each fiber rπ´1
1 pbq intersects x1p rBq Y ¨ ¨ ¨ Y xN p rBq,

and each component of each fiber rπ´1
2 pbq intersects y1p rBqY¨ ¨ ¨YyKp rBqYy1

1p rBqY¨ ¨ ¨Yy1
Rp rBq.
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As in Subsec. 3.1.1, we associate W P ModpVbN q to the ordered incoming marked
points x1, . . . , xN of F. Similarly, associate X P ModpVbKq to y1, . . . , yK . Associate M P

ModpVbRq to x1
1, . . . , x

1
R, and associate its contragredient M1 to y1

1, . . . , y
1
R.

We view M b W as associated to x1
‚, x‚, and M1 b X as associated to y1

‚, y‚. Associate
W b X to the ordered marked points x1pBq, . . . , xN pBq, y1pBq, . . . , yKpBq of SpF \ Gq.

Definition 3.9. Suppose that

ϕ P H0
`

rB,T ˚
F pM b Wq

˘

χ P H0
`

rB,T ˚
G pM1 b Xq

˘

The sewing of ϕ and χ is defined by contracting the M-component of ϕ with the M1-
component of χ. More precisely,

Spϕb χq : W b X Ñ Op rBqtq‚urlog q‚s

@

Spϕb χq, w b ÿ
D

“
ÿ

λ‚PCR

ÿ

αPAλ‚

@

ϕ, q
L‚p0q
‚ eλ‚

pαq b w
D

¨
@

χ, qeλ‚
pαq b ÿ

D (3.26a)

(where w P W, ÿ P X). Here, peλ‚
pαqqαPAλ‚

is a basis of Mrλ‚s with dual basis pqeλ‚
pαqqαPAλ‚

in M1
rλ‚s

, and q
L‚p0q
‚ “ (3.4). See [GZ25a, Sec. 4.1] for more explanations. Clearly we also

have
@

Spϕb χq, w b ÿ
D

“
ÿ

λ‚PCR

ÿ

αPAλ‚

@

ϕ, eλ‚
pαq b w

D

¨
@

χ, q
L‚p0q
‚ qeλ‚

pαq b ÿ
D

(3.26b)

Remark 3.10. By [GZ25a, Thm. 4.9], Spϕb χq converges a.l.u. on Bˆ in the sense of Def.
1.1, and

Spϕb χq
ˇ

ˇ

Bˆ P H0
`

rB ˆ pDˆ
r‚ρ‚

,T ˚
SpF\GqpW b Xq

˘

(3.27)

where pDˆ
r‚ρ‚

is the universal cover of Dˆ
r‚ρ‚

. By [GZ25a, Rem. 3.1], (3.27) is equivalent to
that for each b “ pb0, p1, . . . , pRq P Bˆ with chosen arg p1, . . . , arg pR, we have

Spϕb χq
ˇ

ˇ

b
P T ˚

SpF\Gqb
pW b Xq

Definition 3.11 ([GZ25a] Def. 3.18). A dual fusion product of W along F is a pair
pnFpWq, qג where nFpWq P ModpVbRq, and ג P H0p rB,T ˚

F pnXpWq b Wqq satisfies that
for each b P rB, the pair pnFpWq, bq|ג is a dual fusion product of W along Fb. The contra-
gredient VbR-module of nFpWq is denoted by bFpWq and called the fusion product of W
along F.

Remark 3.12. Dual fusion products, when they exist, are unique up to unique holomor-
phic isomorphisms. See [GZ25a, Cor. 3.21] for a detailed description. Moreover, by
[GZ25a, Cor. 3.23], a dual fusion product pnFpWq, qג exists provided that rB is a polydisk,
i.e., rB “ Dε1 ˆ ¨ ¨ ¨ ˆ Dεm for some m P N and ε1, . . . , εm P p0,`8s.
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3.3.2 The sewing-factorization theorems

For each p‚ P Dˆ
r‚ρ‚

, we let SpF\Gq
rBˆp‚

be the restriction of SpF\Gq to the submani-

fold rB ˆ p‚. Equivalently, it is the pullback of SpF\Gq along the map b P rB ÞÑ pb, p‚q P B.
In this way, we may regard SpF \ Gq

rBˆp‚
as a family with base manifold rB. We view

HomVbR

`

bG pXq,nFpWq
˘

bC O
rB

as the sheaf of (germs of) holomorphic functions on rB whose values are homomorphisms
bGpXq Ñ nFpWq.

We now prove the sewing-factorization theorems for families, generalizing Thm. 3.4
and Thm. 3.5. We emphasize that the dual fusion products mentioned in the following
theorems exist whenever rB is a polydisk.

Theorem 3.13. For each b P rB, assume that every component of rπ´1
1 pbq intersects x1p rBq Y ¨ ¨ ¨ Y

xN p rBq, and every component of rπ´1
2 pbq intersects y1p rBq Y ¨ ¨ ¨ Y yKp rBq. Assume that pnFpWq, qג

is a dual fusion product of W along F, and pnGpXq,ℸq is a dual fusion product of X along G.
Let p‚ P Dˆ

r‚ρ‚
with fixed arg p1, . . . , arg pR. Then the following sheaf map is an O

rB-module
isomorphism.

HomVbR

`

bG pXq,nFpWq
˘

bC O
rB

»
ÝÝÑ T ˚

SpF\Gq
rBˆp‚

pW b Xq

T ÞÑ S
`

pג ˝ pT b idWqq b ℸ
˘ˇ

ˇ

rBˆp‚

(3.28)

Note that (3.28) is equivalent to

HomVbR

`

bF pWq,nGpXq
˘

bC O
rB

»
ÝÝÑ T ˚

SpF\Gq
rBˆp‚

pW b Xq

T ÞÑ S
`

ג b pℸ ˝ pT b idXqq
˘ˇ

ˇ

rBˆp‚

(3.29)

Proof. By Rem. 3.10, the map Φ :“(3.28) is well-defined and is clearly an O
rB-module

morphism. Denote the source and the target of Φ by E and F , which are locally free.
Thus, Φ can be viewed as a morphism of vector bundles. In particular, each b0 P rB

is contained in a neighborhood Ω Ă rB such that Φ|Ω can be viewed as a holomorphic
matrix-valued function. For each b P Ω, by [GZ25a, Thm. 3.13] (see also Rem. 1.7), we
have a linear isomorphism

Fb{m rB,bFb
»

ÝÝÑ T ˚
SpF\Gqbˆp‚

pW b Xq

defined by sending each ψ of the stalk Fb to ψ|b. Therefore, by Thm. 3.4, the restriction
of Φ to the fiber at b is a linear isomorphism, i.e., the induced linear map E {m

rB,bE Ñ

F {m
rB,bF is an isomorphism. Therefore, if we view Φ|Ω as a matrix-valued function,

then for each b P Ω, the matrix Φ|b is invertible. This proves that Φ is an O
rB-module

isomorphism.

Theorem 3.14. For each b P rB, assume that every component of rπ´1
1 pbq intersects x1p rBq Y ¨ ¨ ¨ Y

xN p rBq, and every component of rπ´1
2 pbq intersects y1p rBq Y ¨ ¨ ¨ Y yKp rBq Y y1

1p rBq Y ¨ ¨ ¨ Y y1
Rp rBq.
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Assume that pnFpWq, qג is a dual fusion product of W along F. Let p‚ P Dˆ
r‚ρ‚

with fixed
arg p1, . . . , arg pR. Then the following sheaf map is an O

rB-module isomorphism.

T ˚
G

`

bF pWq b X
˘ »

ÝÝÑ T ˚
SpF\Gq

rBˆp‚

`

W b X
˘

χ ÞÑ Spג b χq
ˇ

ˇ

rBˆp‚

(3.30)

Proof. This theorem follows from Thm. 3.5 by the same reasoning as the derivation of
Thm. 3.13 from Thm. 3.4.

3.4 Transitivity of fusion products as an SF theorem

We continue to work in the setting of Subsec. 3.3.1. Let H denote the same surface G
but with incoming and outgoing marked points exchanged. Namely,

F “
`

x1
1, . . . , x

1
R; θ

1
1, . . . , θ

1
R

ˇ

ˇ

rπ1 : rC1 Ñ rB
ˇ

ˇx1, . . . , xN ; θ1, . . . , θN
˘

H “
`

y1, . . . , yK ;µ1, . . . , µK
ˇ

ˇ

rπ2 : rC2 Ñ rB
ˇ

ˇy1
1, . . . , y

1
R;µ

1
1, . . . , µ

1
R

˘

Let H ˝ F denote the same family as SpF \ Gq “ (3.25), except with the marked points
y1, . . . , yK reinterpreted as outgoing marked points. Namely,

H ˝ F “
`

y1, . . . , yK ;µ1, . . . , µK
ˇ

ˇπ : C Ñ B
ˇ

ˇx1, . . . , xN ; θ1, . . . , θN
˘

is a family of pK,Nq-pointed compact Riemann surfaces with local coordinates. For each
p‚ P Dˆ

r‚ρ‚
, define

H ˝p‚ F “ the restriction of H ˝ F to rB ˆ p‚

Equivalently, H ˝p‚ F is the pullback of H ˝ F along the map b P rB ÞÑ pb, p‚q P B. Our
notation suggests that we are viewing H,F as morphisms in a cobordism category, with
H ˝p‚ F representing their composition.

3.4.1 Transitivity of fusion products

We now prove the transitivity of fusion products, which can be viewed as another
version of the sewing-factorization theorem. Roughly speaking, this property says that

bH˝p‚FpWq » bHpbFpWqq (3.31)

Note that by Rem. 3.12, the dual fusion products in the following theorem exist whenever
rB is a polydisk.

Theorem 3.15. For each b P rB, assume that every component of rπ´1
1 pbq intersects x1p rBq Y ¨ ¨ ¨ Y

xN p rBq, and every component of rπ´1
2 pbq intersects y1

1p rBq Y ¨ ¨ ¨ Y y1
Rp rBq.

Associate W P ModpVbN q to the ordered marked points x1p rBq, . . . , xN p rBq. Assume that
pnFpWq, qג is a dual fusion product of W along F. Associate bFpWq to the ordered marked points
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y1
1p rBq, ¨ ¨ ¨ , y1

Rp rBq. Assume that
`

nHpbFpWqq,מ
˘

is a dual fusion product of bFpWq along H.
Choose p‚ P Dˆ

r‚ρ‚
with fixed arg p1, . . . , arg pR. Then

`

nHpbFpWqq,Spמ b qג
ˇ

ˇ

rBˆp‚

˘

(3.32)

is a dual fusion product of W along H ˝p‚ F.

Note that מ : nHpbFpWqq b bFpWq Ñ C and ג : nFpWq b W Ñ C are canonical
conformal blocks, and the sewing

Spמ b qג : nHpbFpWqq b W Ñ Op rBqtq‚urlog q‚s

is defined by contracting the bFpWq-component of מ with the nFpWq-component of .ג

Proof. By Def. 3.11, it suffices to prove that for each b P rB, the VbK-module nHpbFpWqq,
together with the conformal block Spמ b ‚q|bˆpג

“ Spמ|b b ‚bq|p|ג , is a dual fusion product
of W along pH ˝p‚ Fqb “ pH ˝Fqbˆp‚

. Therefore, we may assume without loss of generality
that rB “ t0u.

Let X P ModpVbKq. We need to show that the linear map

HomVbK

`

X,nHpbFpWqq
˘

Ñ T ˚
H˝p‚F

pX b Wq T ÞÑ Spמ b qג
ˇ

ˇ

p‚
˝ pT b idWq (3.33)

is an isomorphism. Note that

Spמ b qג
ˇ

ˇ

p‚
˝ pT b idWq “ S

`

pמ ˝ pT b idbFpWqqq b ג
˘
ˇ

ˇ

p‚

where מ ˝ pT b idbFpWqq : Xb bFpWq Ñ C is a conformal block associated to H. Therefore,
(3.33) is the composition of

T ˚
H pX b bFpWqq Ñ T ˚

H˝p‚F
pX b Wq χ ÞÑ Spχb qג

ˇ

ˇ

p‚

(which is an isomorphism by the sewing-factorization Thm. 3.5) with

HomVbK

`

X,nHpbFpWqq
˘

Ñ T ˚
H pX b bFpWqq T ÞÑ מ ˝ pT b idbFpWqq

(which is an isomorphism by the universal property of .(מ Therefore, (3.33) is an isomor-
phism.

3.4.2 Example: The associativity isomorphisms

In this subsection, we briefly explain how the associativity isomorphisms in the theory
of Huang-Lepowsky-Zhang [HLZ14, HLZ12a]-[HLZ12g] can be constructed using our
sewing-factorization Thm. 3.15.

Let ζ be the standard coordinate of C. For z, z1, z2 P Cˆ “ C ´ t0u, let

A “
`

8; 1{ζ
ˇ

ˇP1
ˇ

ˇ0; ζ
˘

Pz “
`

8; 1{ζ
ˇ

ˇP1
ˇ

ˇz, 0; ζ ´ z, ζ
˘

Pz1,z2 “
`

8; 1{ζ
ˇ

ˇP1
ˇ

ˇz1, z2, 0; ζ ´ z1, ζ ´ z2, ζ
˘
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which are p1, 1q, p1, 2q, p1, 3q-pointed spheres with local coordinates. For each W,M P

ModpVq, we associate W b M to the ordered marked points z, 0 of Pz . Let

pW bPz M,Yzq

be a fusion product of W b M along Pz , where Yz : W b M Ñ W bPz M is the linear map
such that

w b w1 b w2 P pW nPz Mq b W b M ÞÑ xw,Yzpw1, w2qy

is the canonical conformal block. (Here, W nPz M is the contragredient of W bPz M.)
In what follows, all canonical conformal blocks will be expressed as linear maps in

this form. For example, pW, idWq is a fusion product of W along A.
Now, we assume that 0 ă |z1´z2| ă |z2| ă |z1|. Then we have a canonical equivalence

Pz1 ˝1,1 pA \ Pz2q » Pz1,z2

Let W1,W2,W3 P ModpVq. By Thm. 1.24,
`

W1 b pW2 bPz2
W3q, idW1 b Yz2

˘

is a fusion product of W1bW2bW3 along A\Pz1 . Therefore, by the sewing-factorization
Thm. 3.15,

`

W1 bPz1
pW2 bPz2

W3q,Yz1 ˝ pidW1 b Yz2q
˘

is a fusion product of W1 b W2 b W3 along Pz1,z2 .
Similarly, we have a canonical equivalence

Pz2 ˝1,1 pPz1´z2 \ Aq » Pz1,z2

By Thm. 1.24,
`

pW1 bPz1´z2
W2q b W3,Yz1´z2 b idW3

˘

is a fusion product of W1 b W2 b W3 along Pz1´z2 \ A. Thus, by Thm. 3.15,
`

pW1 bPz1´z2
W2q bPz2

W3,Yz2 ˝ pYz1´z2 b idW3q
˘

is a fusion product of W1 b W2 b W3 along Pz1,z2 . Therefore, by the uniqueness of (dual)
fusion products, there is a (unique) isomorphism

Φz1,z2 : W1 bPz1
pW2 bPz2

W3q
»

ÝÝÑ pW1 bPz1´z2
W2q bPz2

W3

which, upon extension to a linear map between the algebraic completions of the respec-
tive modules, satisfies for all w1 P W1, w2 P W2, w3 P W3 the equality

Yz2 ˝ pYz1´z2pw1 b w2q b w3q “ Φz1,z2 ˝ Yz1pw1 b Yz2pw2 b w3qq (3.34)

61



We assume that z ÞÑ Yz is holomorphic. Therefore, by [GZ25a, Prop. 3.20], if we vary
z1, z2, then Φz1,z2 is holomorphic with respect to z1, z2. Moreover, note that P1 has a canon-
ical projective structure, i.e., the one consisting of Möbius transformations. Therefore, by
[GZ25a, Cor. 2.32], for any family of spheres with marked points and local coordinates
such that the restriction of each coordinate to each fiber is a Möbius transformation, there
is a unique connection ∇ on the conformal block bundle that is compatible with the pro-
jective structure. If we further require that z ÞÑ Yz is parallel under this connection, then
by [GZ25a, Thm. 4.11], both Yz2 ˝ pYz1´z2 b idW3q and Yz1 ˝ pidW1 b Yz2q are parallel sec-
tions of conformal blocks as z1, z2 vary. Therefore, by (3.34), pz1, z2q ÞÑ Φz1,z2 must be a
constant isomorphism Φ. This yields the associativity isomorphism Φ.
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